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FIBONACCI ANALOGS OF THE CLASSICAL POLYNOMIALS 

A. G. SHANNON, The New South Wales Institute of Technology 

Introduction. In this note we define a generalized Fibonacci polynomial analogous 
to the classical polynomials of Bernoulli, Euler and Hermite. We then use it to ob- 
tain a combinatorial result for the associated generalized Fibonacci numbers. It 
is an advantage, though not an essential prerequisite, for the reader to have had some 
prior acquaintance with Fibonacci numbers and classical polynomials, a number 
of papers on which have appeared in this journal. 

We define generalized Fibonacci number sequences, {u4} and {v"}: 
r 

un = 
I 

(-l)j _ jun-j n > O 
i-1 

Un = 1 n = 0 

u,, = O n<O 
r 

and v. = X (-1)j lP.Vn-j n > r 
j=1 

vn O= n < r 
j=1 

tl, =Q0 < 0 

where the Pj are arbitrary integers and the a. are the roots, assumed distinct, of the 
auxiliary equation 

r (-I)i+1lPXrj = 0, 
j=l 

which is associated with the homogeneous, linear recurrence relations of arbitrary 
order which the generalized Fibonacci numbers satisfy. 

For example, when r = 2 we have 

tin = PlUn- I P2Un-2 

with u0 = 1, u1 = P1, u2 = -P2 and so on. These are often referred to as the 
Lucas fundamental numbers. When P1 = -P2 = 1 we get the Fibonacci numbers, 
f,. The v. correspond to the Lucas primordial numbers since when r = 2, we have 
vo = 2, VI = (XI + a2 = P1I and so on. When P1 =-P2 = 1 these become the 
ordinary Lucas numbers, Ln. (The interested reader can find more of their proper- 
ties in Hoggatt [1].) 

We need the result that 
r 

v an for all n 0. 

123 
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Proof. 
r 

Vn = S -l)i PVn_ j 

r r 

= S f-ij+lpj Lnij 
j=l i=l 

r r 
= E agt-r S (-_)'+lp 'P1xr-j 

i-l j-l 

r 

r 
= cLa ra 

i-1 

r 

= z fxns as required. 
i= 1 

The ordinary generating function for {unj is given (formally) by 
oo r 

n = H (1 - axf)-'. 
n=O j=1 

Proof. If u(x) =In =0UnXn, then (1-P1x + P2x2- + (-l)rPrXr)U(X) 

= Uo + (U1 - PIuO)x + (U2 - PlUl + P2UO)X2 + 

= 1, and the result follows. 

We now use these two results to establish 

n/ 
_ u x = exp ( vmxmm. 

n-O = m=l 

Proof. U(X)= Hf=i(1j- jX)'1, log(tu(X)) = log fj=(j -aJX)- 

= -log (1-1jx) if oAjxI < 1, 
j 1 

- z log(1 - ajx) 

O 2 O) 
00I 

j= mm j 

Mi1 z 

rn1 
vxr 

Thus 

tx ( exp ) 
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1975] FIBONACCI ANALOGS OF THE CLASSICAL POLYNOMIALS 125 

Generalized Fibonacci polynomials. The last result suggests a definition for general- 
ized Fibonacci polynomials u,(x): 

Co o 
u (x)tn/n! - exp t + I v tm m 

n 0 = 

so that 

Un(O) = U, * n! 

and 
00 00 
z un(x)tn/n! = eXt exp vmtm/m 

00 

ext tn = e I Unt 
n O 

= ext I un(O)t /n! 
n= 0 

which are like the conditions 

00 00 

I Hn(X) tn In! =e2xt Y, Hn(O) tn In!, 
n=0 n=0 

00 00 
-(X)tnln! ext z Bn(O) In!, 

n=O n=0 

* z~~~~~Y En(X) tn In! =ext I En(O) tnln!, 

for the polynomials of Hermite, Bernoulli and Euler respectively. 
The generalized Fibonacci polynomials are Appell. 

Proof. In differentiation of series we assume that conditions of continuity and 
uniform convergence are satisfied in the appropriate closed intervals. 

000 tn exp(x 
a un(x)t /n! = expt + vmtm) 

00 

= t I un(x)tn/n! 
n =0 

00 

n ~1 

which gives 

U'(x) n Un- (X) n = 

which is the Appell set criterion. 
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These generalized Fibonacci polynomials are not orthogonal since Shohat [2] 
has proved that the only system of orthogonal polynomials which is an Appell 
polynomial sequence is that which is reducible to Hermite polynomials by a linear 
transformation. That the generalized Fibonacci numbers cannot be so reduced can be 
deduced from the following result which can also be used to prove some congruences 
mentioned below: 

,, 

u,1+1(x) = x u,J(x) + vj+l1nju-j(x) 
j=o 

where nj is the falling factorial coefficient 

nj = n(n-1) (n-j + 1). 

Proof. 

at n=(O n)- n nu,1 (x)-1, 

and 

a U ut(X) n =t exp (Xt + vm) 

= exp (xt + v - - (t + X v -) 

(x + I mM+ I tM exp t +m1 Vm 

00 00 
= + + Vm+1t Un(X) tnu/n! 

m = O n0 =O 

t m00 tn 
Sxun(x)- + I Vm+ ltM Ut1(X) 
n -O t. m =0 1 =0 n . 

t 
= Xu Un(x) -T + 

,,=0 n. 
oo n jtn 

+ X X vj+1n un_j(x) ! 
n=0 j=O 

which gives the required result. 
From this we get when x = 0 that (n + 1)!un+1 = n!vlun + Xj 

since n! = nj(n -j)! 
Thus 

,, 

(n + 1)un+l = Vj+lUn 
j =O 

which is a relationship between the primordial and fundamental sequences. For 
example, when r = 2, we get for the Fibonacci and Lucas numbers that 
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(n + )fn+1. 3 f -+_; 
j=O 

n = 3, (n + 1).f,+I = 4f4 = 20 

and 
3 
1i Lj +fj L f3 + L2f2 + L3f1 + L4fo 

j=O 

=1x3+3x2+4x1+7x1 

= 20. 

The Bernoulli polynomials can be written in the suggestive form 

B,,(x) = (x + B(0))n 

wherein it is understood that after expansion of the right member, ak is replaced 
by ak. So too 

U",(X) = (x + u(0))". 

Proof. 

00 a0 

? u,,(X)tn/n! exp(xt)exp (x vmt'n/i7 

- E xktk/k! z ujtj 
k = ,j=o 

z ? ff t UnkX;tn/n ! 7UnkX tn 
n=O k--O Ic 

so that on equating coefficients of tn we find 

U,,(x) = -U k 

k =o ( 0 

which is what we seek. We shall use this result later. 
Any polynomial can in fact be expressed in a. series of these generalized Fibonacci 

polynomials. 

Proof. 
00 00 

expxt = exp - villtmI/I X u"(x)tn/n! 
/ n= 1'1= 

r 00o 

= 1 + E (-1)1Pjti E un(X) tnIn! 
j=1 n=O 
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If P0 a 1, then 
so60 r tn 

.E Xntnlll.! = E U un-j(x)Pj(- l)Inj 1 
n=O n-O j=0 

Equate coefficients of tn and 
r 

,n= Y (-1)jPjnju,3-j(x). 
j=O 

The first few generalized Fibonacci polynomials are then 

uO(x) = = uO, 

4uI(x) = X+ P1 = uox + u1, 

u2(x) = x2 + 2P,x + 2(P12 P2) = UOX2 + 2u,x + 2u2, 

U3(X) = x3 + 3P1x2 + 6(P1 - P2)x + 6(P - 2P1P2 + P3) 

= uOx3 + 2u1x2 + 6u2x + 6u3. 

Since n_k n(n - 1),,--k, the coefficient array follows the pattern: 

1 

1 1 

1 2 2 

1 3 6 6 

1 4 12 24 24 

1 5 20 60 120 120 

1 6 30 120 360 720 720. 

A combinatorial result. A composition of the positive integer n is a vector 
(al, a2, ***, ak), the components of which are the positive integers such that 
a, + a2 + ... + ak = n. If the vector has order k, then the composition is a k-part 
composition. In what follows y(n) will indicate summation over all the compositions 
(a1, a2, ak) of n, the number of components being variable. 

Let 
k -1)~ 

=n = (n k al ak 

,y(n) 

Then 
00 00 (1)k1 
z WnXn = k Ual .Ua,axn 

n=1 n1 y(n) 

oo o ) k 

= E _ - I unxn I k 
k =1 II = I 
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In I + z u,,x n) 

- in ( unx n) 
n=O 

or 

utxn = exp ( wnxn ) 
which is satisfied by w,, = v,,/n from above. Thus 

Vn = (-1)k 
1 

fal --fak- 
y(n) 

When r = 2, P21 -P22 = 1, we obtain 

L,t= (_l )k 1 
kUa. Ua2 . 

For example, 

LI = 1fi5 

L 3 

2 2 
2= -2fl.f + f.2 

- 1 + 4; 

L3= 4 

3 3 3 3 
- flf2- f2fi + -f3 + 3fiff 

- - 3 - 3 + 9 + 1. 

Conclusion. These generalized Fibonacci polynomials can be used to develop 
other properties: for instance, it can be established that u,,+tm(X) u,,(x)(Um(X))t 
(modm) from which it follows that 

(n m (d) 

For example, when r = 2, P21 = -P22 = 1, we have 

f3f4 = 3 x 5-3 (mod4) 
and 

(7)f7 = 35 x 21 _ 3 (mod 4). 
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The proof of the congruence for the polynomials is left to the interested reader. 
More easily, other analogs of properties of the classical polynomials can be 

developed with a view toward obtaining results for generalized Fibonacci numbers. 
The generalized Fibonacci polynomials can also be related to the classical polynomials 
more directly; for instance, in the case of the Hermite polynom.ials we have 

00 00 

E H,.(x)un(y)t'/m! = exp(2xyt - y2t2) H - (x-yt)u,1(0)tn/n! 
mn 0 n 0 

Proof. We use the well-known result that 
00 

E Hm+-(x)ynln! = exp(2xy - y2)Hm(x-y). 
n =0 

00 00 

- : E Hni+ii(x)u(0)Uiiitm+nlm !n! 
Jt-0 m=O 

00 
00m n 

= Hn,+n(x)u,1(0) (m ) y mIm+ n/(m + n)! 
it =O tn=O n 

= EHill(x) ( ujoyn-n IM I n ! 
m=O =0 n 

00 

=E H,n(X)Un(Y)t"1111! as required. 
m = 0 

This is a bilateral generating function for the Hermite polynomials and is an 
illustration of Corollary 5 of Singhal and Srivastava [3]. 

As an exercise the reader might like to prove a relation between these generalized 
Fibonacci numbers and the Bernoulli numbers: 

It Bn-k(O) AUk(O) 
u nt-1 = _ _k _ _ _ 

k=0 (n-k)! k! 

where Au"(x) = Un(X + 1) - un((x). 
These polynomials then can be used to establish new results for generalized 

Fibonacci-type numbers or new insights into properties of the classical polynomials. 
It does not require much imagination to extend these results to obtain some reason- 
ably elegant formulas. 
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GENERAL SOLUTION TO THE OCCUPANCY PROBLEM WITH 
VARIABLY SIZED RUNS OF ADJACENT CELLS OCCUPIED 

BY SINGLE BALLS 

ROGER W. PEASE, JR., G. & C. Merriam Company, Springfield, Massachusetts 

Consider the occupancy problem in which (1) there is a row of n cells of which 
m cells are occupied by one ball each, (2) there are runs of r1, r2, ***, rk adjacent 
occupied cells with I ri= m that occur in order from one end of the row 
to the other, and (3) it is desired to find how many different arrangements of occupied 
and unoccuipied cells there are for the two cases in which there is no restriction on 
the number of empty cells between runs and in which there is at least one empty 
cell between each pair of runs. 

A particular application of this occupancy problem that is easy to grasp involves 
the seating of theater parties in a row of seats. If parties of size Pi,P2 , IPk with 

Ek ?i=I pi = m are seated in order in a row of n seats, how many arrangements of 
occupied and unoccupied seats are there if (1) there need not be a vacant seat between 
parties, and (2) there is at least one vacant seat between parties? 

The case in which the parties are all of the same size was solved by an instructive 
use of recursion by Wiggins [1] including the cases in which each party was composed 
of two individuals and of m individuals. His model involves the counting of dyadic 
numbers consisting of l's representing cell partitions and intercalated 0's represen- 
ting balls occupying cells. The method is related to the one used in Feller [2] to 
derive the formula for cases in which multiple occupancy of cells is permitted and 
which considers the number of ways in which the n7-1 partitions between cells or 
alternatively the balls can be arranged, one to a place, in a total number of places 
equal to the sum of the n -1 partitions between cells and the balls. However, since at 
most one ball is permitted to reside in each cell in the problems considered here, 
the number of cells n figures prominently in the discussion rather than the number 
of partitions between cells n - 1. 

The intuitive insight that leads to solution of the general case is that the runs 
of adjacent occupied cells can be considered as occupying single cells if the number 
of balls is reduced by the difference between the number of balls and the number 
of runs. The intuitive answer is immediate. In the theater party application let 
the number of seats be n, the total number of people be m, and the number of 
parties be k. The number of arrangements of occupied and unoccupied seats is the 
number of ways in which the n-m empty seats can be chosen from the adjusted 
number of seats n - m + k. The answer is (n7m+k)* Note that the number in each 
party is not required for solution. Thus, five parties of sizes 100, 5, 5, 5, 5 will generate 
the same number of arrangements of occupied and unoccupied seats as five parties 
of sizes 16, 20, 24, 28, and 32 provided the parties are seated in a particular order. 

131 
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This result will be made rigorous first by a proof that is based on the intuition 
itself and sets up a one-to-one mapping onto a set of arrangements that we know 
how to count and second by a proof that involves recursion. The one-to-one onto 
mapping required in the first proof is obtained in the following way. Since there 
are no vacant seats within parties, each arrangement can be identified and is com- 
pletely determined by the ordered set of seat numbers of the leftmost party members 
{tI,***, tk} where the ti's are counted from the left end of the row. If {pi: i = 1, ..), k} 
is the set specifying the number of individuals in each party, the following statements 
hold for any particular arrangement: 

tl 1, 

ti+I> ti + Pi 

tk ?< -(Pk 1). 

The intuitive process apparently involved forming the conviction that there was a 
one-to-one correspondemce between these arrangements and the arrangements of 
k ordered objects in a row of cells of length n - in + k. Each such arrangement is 
specified by a set {SI, *, SO} where si is the number of the ith occupied cell counting 
from the left. The one-to-one correspondence is specified by the transformation 

Si - t=, 

Si+I = ti+I- (p -1), 
J=1 

Sk = tk-11+Pk+k1. 

Each ti uniquely determines an si and vice versa. Each set of ti's uniquely determines 
a set of si's and vice versa. Therefore, the mapping is one-to-one and onto, and the 
two sets of arrangements have the same cardinality, namely (n-3 k). 

The artificial proof is modeled after that of Wiggins [1] for the cases in which 
the parties are all of the same size. Let N (k) be the number of arrangements of 
occupied and unoccupied seats for k parties arranged in a particular order with 
varying numbers of unoccupied seats between them, n the total number of seats, 
and m the number of people. 

The case in which there is one party is trivial. The leftmost member of the party 
can occupy any of n - m + I seats so that 

(1) N(') = n-m+1 = (n mr+1) 

Now consider the case with two parties. If a second party with m2 members is seated 
to the left of the first party with m1 members, the total number of arrangements 
will be the sum of the ways of seating the first party as the leftmost seat occupied 
by the second party moves from left to right. 
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(2) -+m Nn1 + Nn2irni + + N$lt)1 
n-ml-m2 n-m-rM2 n-mr-M2+1 

= z N(2,,,, -i,m = ? (n-inn-M2 + 1-l) = 0 j 
i=O i=o j=l 

(n-iM2-mln+1)(n-iM2-Mln+ 2) _n-ml-M2+ 2 
2 n-ml -M2 

And since inil + M2 

(3) =(2 _ (n-m + 2). 

Suppose the result is true for k parties and consider the case for k + 1 parties. 
The order of the parties in the row is given. Again the total number of arrangements 
is found by holding the leftmost party fixed and summing the ways of seating the 
k remaining parties as the party on the left is moved successively one seat at a time 
to the right until no vacant seats remain between parties. If the leftmost party occupies 
Mk+ 1 seats and the remaining k parties occupy Mk seats, the total number of occupied 
seats is m = k+ 1 + km, 

(4) Nn, Nnmk+m Nk?fNn-Mk+l,mk + N-Mk 1-1/Mk+l,r+ + NmkoMk 

n-Mk+I-Mk n-mkik I iM 

- ~~~ N(k) = n Mk +linki+k = 
O Mnks+ IinMk +1-ik n-n(k+l mk i ) 

n-m (n-m-i+k) n-it (k + j9 n-m (k +.j 
i=0 n-m-i j=0 j=6 k 

zn -m Jr k + I 

n -mn ) 

The last step follows from the sum of the first two terms 

(5) (k+O) + ( k+ ) (k + ) 

and the generalization 

(6) (k + J + (k +j = (k+J +I1 

If at least one unoccupied seat occurs between parties, this seat can be viewed 
as occurring to the right of each of the first k - 1 parties and the number of vacant 
seats remaining is n - i - k + 1. In this case the number of arrangements will 
be the number of ways of choosing n - m - k + 1 things from n - m + 1 things. 
The answer is ( 4nnmmk 1). This result also depends on the total number of occupied 
seats and the number of parties but not on the number in each party. 
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The cases considered by Wiggins [1] in which the parties are all of the same 
size are readily solved by application of the general formula. If there are k parties 
of size 2 and n seats with 1 < k < n/2, the number of arrangements of occupied 
and unoccupied seats is (n7k). This formula is derived immediately from the gen- 
eral formula where the number of unoccupied seats is n-2k and the number of 
parties is k. For the case in which there are k parties each consisting of m individuals 
with 1 ? k ? n/m, the number of arrangements is (?~i7 1)k). This can be written 
down immediately by use of the general formula in which the number of parties is 
k and the number of unoccupied seats is n - ik. Since these two cases involve runs 
which are all of the same length and are indistinguishable as far as arrangements 
of occupied and unoccupied cells are concerned, the result is valid without speci- 
fying the order of the runs. In the general problem, the runs are presumed to be 
of varied length and the result is valid only for a specified order of the runs. 

If the order of the parties is permitted to vary and a vacant seat need not occur 
between parties, the number of arrangements of occupied and unoccupied seats 
cannot be found readily unless the individual parties are identified. For example, 
if all possible orders of the parties are considered, the number of arrangements of 
occupied and unoccupied seats is reduced if two parties are adjacent without a vacant 
seat between them, and the number of arrangements is further reduced whenever 
the number in two or more adjacent parties without vacant seats between them is 
equal to the number of occupied seats in another group of such parties. However, 
as long as the linear order of the parties is specified, the general formulas above apply. 

References 

1. A. D. Wiggins, An occupancy problem involving placement of pairs of balls, this MAGAZINE, 
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The cases considered by Wiggins [1] in which the parties are all of the same 
size are readily solved by application of the general formula. If there are k parties 
of size 2 and n seats with 1 < k < n/2, the number of arrangements of occupied 
and unoccupied seats is (n7k). This formula is derived immediately from the gen- 
eral formula where the number of unoccupied seats is n-2k and the number of 
parties is k. For the case in which there are k parties each consisting of m individuals 
with 1 ? k ? n/m, the number of arrangements is (?~i7 1)k). This can be written 
down immediately by use of the general formula in which the number of parties is 
k and the number of unoccupied seats is n - ik. Since these two cases involve runs 
which are all of the same length and are indistinguishable as far as arrangements 
of occupied and unoccupied cells are concerned, the result is valid without speci- 
fying the order of the runs. In the general problem, the runs are presumed to be 
of varied length and the result is valid only for a specified order of the runs. 

If the order of the parties is permitted to vary and a vacant seat need not occur 
between parties, the number of arrangements of occupied and unoccupied seats 
cannot be found readily unless the individual parties are identified. For example, 
if all possible orders of the parties are considered, the number of arrangements of 
occupied and unoccupied seats is reduced if two parties are adjacent without a vacant 
seat between them, and the number of arrangements is further reduced whenever 
the number in two or more adjacent parties without vacant seats between them is 
equal to the number of occupied seats in another group of such parties. However, 
as long as the linear order of the parties is specified, the general formulas above apply. 
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run on a 65K UNIVAC-1108 took 3-4 hours. We were forced to beg, borrow and 
steal computer time wherever and whenever we could find it. One place we did find 
it was at the Cameron Station Military Installation in Washington, D.C. There we 

This content downloaded from 128.235.251.160 on Sat, 3 Jan 2015 12:25:43 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


1975] AN INTEGER PROGRAMMING HANDICAP SYSTEM 135 

got a chance to put in a little army overtime making a run or two of INTLOC each 
Sunday night. Working this shift was not the most exciting thing in the world. 
One would carry in the large box of input cards and data tapes, start the run and 
wait four hours till the run was over. A quick analysis of the output of the first run 
would usually spot the input card which was out of order (or the keypunch error) 
and the second run would begin. It was here in the Univac computer room at Cameron 
Station in late October of 1969 that I witnessed my first "write ring tossing game." 
A write ring is a plastic ring that fits into a round groove molded in a magnetic 
tape reel. When the ring is in place, either reading or writing can occur on the tape 
during a computer run. When the ring is removed, writing is suppressed and only 
reading can take place; thus the file is protected from accidental erasure. Now the 
computer room had an ample supply of these write rings and in order to pass the time 
between INTLOC runs, my two army buddies devised the following game. Each player 
would begin with n write rings. A flip of the coin would determine which player 
began. The first player would toss his n rings at the hose arm of the fire extinguisher 
on the wall, trying to score as many ringers are possible. When the first player had 
completed his n tosses, the second player would begin. And so the game would pro- 
ceed in stages, at each stage a player would retire as many rings as he had made 
on that stage. The first player to make n ringers was the winner. 

After a number of Sunday evening games it became evident that my two buddies, 
A and B, were not evenly matched. Player A made ringers on about one tenth of 
his tosses and player B made ringers on about two tenths of his tosses. I was asked 
to determine a handicapping system which would make this a fair game, that is, to 
determine how many rings each player should begin with in order that each player 
had an equal chance of winning. The only answer I could give them at the time was 
to simulate the game and empirically determine the solution. Of course I was not 
satisfied with that solution and I have thought about the game from time to time 
since then. Shortly after I got out of the army I realized I could consider the play 
of each player as a Markov chain. The transition matrix of this Markov chain has 
some rather interesting properties which I will now take up. 

2. The stochastic analysis of one player's play. Suppose the player begins with 7 
rings. Let the random variable Xk record the number of rings the player has remaining 
after k stages of the game..Then (assuming that the player's ability does not change 
from toss to toss) the probability that j rings remain after k + 1 stages given that 
i rings remain after k stages is 

q()((l -q)'-j if O_<j < i<! 
(2.1) P(Xk+ I j|Xk = i) = Pij i 

lo 0 otherwise, 

where q is the probability of failure on a single toss of the ring. It is then evident 
that we have a sequence of trials X1, X2, .. whose outcomes satisfy the following 
two properties: 

(i) Each outcome of each trial belongs to a finite set of outcomes {ao, al, a2 ,a,.} 
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called the state space. If the outcome of the kth trial is i, then i rings remain and 
we say that the system is in the state at at time k. 

(ii) The outcome of any trial depends at most upon the outcome of the imme- 
diately preceding trial and not upon any other previous outcome; with each pair 
of states (a,, aj) there is the probability pij that a, occurs immediately after ai occurs. 

Hence, the sequence Xl, X2, *' is a stochastic process called a (time-homogeneous 
finite) Markov chain. The matrix P = (pij) is called the transition matrix. Thus, 
for each i, j and n, the probability that the system changes from state a, to state 
aj in n steps, denoted p(9, is given by the n-step transition matrix p(n)- (p(fl)) 

where p(n) = pn. In our particular case it is interesting that our triangular n-step 
transition matrix p(n) can be written in closed form. This form is given in the 
following theorem, the proof of which follows by inducting on n. 

THEOREM 1. Let P = (pij) where pij is given by (2.1). Then pn = p() = (P(n)) 

wvhere 

(n) = f() (q ) (1 - qn?i j wheni 0 <?j < i ? r 
Pi9 = 

lO otherwvise. 

Note that p(n) is a lower triangular matrix in which the nonzero elements in 
the ith row are the terms in the binomial expansion of {(1 - qn) + qnl}i. 

Most questions regarding the play of one player can be answered using the above 
transition matrix. For example, let the random variable N record the stage at which 
the player tosses his rth ringer. Since p(}) is the probability that no rings will remain 
after n stages, the density of N is given by 

(2.2) P(N = n) = p Pr (1 - q") (1 qfl)J 

The expected number of stages is given in 

TIHEOREM 2. E(N) - (1.)( (qi if'. 
i=1i 

Proof. An outline of the proof is as follows: 

E(N) = n{( - qn)r- (1 - qn 
- 
l)r} 

,, 1 

co r ni- - ? n 1 _)i(qni_qni 
n-= I = I 

r . o - ? E (-l)i z 7l(ni _qni-i 
i-l i 11=1ii( 
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3. Theoretical fair game. Let a > 0 and b > 0 be the probabilities that player A 
and B, respectively, fail to make a ringer on a single toss. Suppose A starts with r 
rings and B starts with s rings. If AW and BW denote the events "A wins" and 
"B wins" then we have: 

THEOREM 3. f(r, s; a, b) = P(AW) - P(BW) = I'-2 {(1 - bln)r(1 - 

(1 an)r(l - bn -)s} = 1 + 7=i ? (r 1)- - +ibi(l - a2i)/(1 - aib). 

Proof. Let AS, BS and AW(n) be the events "A starts," "B starts," and "A 
wins at the nth stage," respectively. Then 

P(AW) P(AW n AS) + P(AW n BS) 

= z {P(AW(n) ri AS) + P(AW(n) r) BS)}. 
n=1 

Let {X.} and {Yn} be the Markov chains which record the number of rings remaining 
after each stage by player A and B respectively. Then using (2.2) we have 

P(AW(n)nAS) = P(X,, = 0, Xn_ > 0, Yn-, >0, AS) 

{(1 an)r _ (1 - an-)r} {1 -(1 - bn)s}(I/2) 

and 

P(AW(n) nBS) P(X,O = 0, Xn > 0 Yn > 0, BS) 

= {(1 -a n)r- (1- a- 1)r} {1 - (1 - b n)s} (1/2). 

Thus one can easily show that 

P(A W) - P(B W) = 2 P(A W) -1 
k 

= lim I {(1 - ad' 1)r( - bn)s - (1 _ an)r(1 -bn ly 
k-oo n=1 

(k k-1 

= lim E (1 - an1)r(l - b)S n ? (1 - a?'+l)r(1 - ny 
k- oo nl1 n 

k 
lim { (1 - b)s[(l - an-)r-(1 -an+l)r] + (1 - a )r(1 - bk)} 

k r 

= 1+ lim I (1-b)' n 
1)(a ni-I aW+i 

k-+co n= 1= 

r niri nik 1lim I (.)-1) I (1- bn )s(a a ) 
k-*oo i=1 \ n=1 

=1+ 1iM ( r ) (-) -)Jb nJ(a nl- a n;+i) 
k- c, i-1 7=1 j-O J 

r /r s k 
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+=1 1= (s - bJ bIa2L 

?- 8 (, ) (i )(-1) J(1 - a2b)-(1 - a'bi). 

In view of Theorem 3, the game is fair if and only if f(r, s; a, b) = 0, i.e., if and 
only if 

i + I (4 ) (i(- 1) bj(l - aa2i)/(I- albJ) = 0. 
i=1 j=O I I 

So far I have not been able to find any exact nontrivial solutions (when a = b) 
of this equation. However, in any practical problem there would be a limit, say N, 
on the total number of rings available to the two players, i.e., r + s < N. In this 
case one might be interested in an efficient solution to the following problems: 

(i) Find the fairest game, i.e., find an (r, s) which minimizes I f(r, s; a, b) f subject 
to r + s ? N. 

(ii) Find an s-fair game, i.e., given ? > 0, find an (r, s) with If(r, s; a, b) ? < s. 

4. An integer programming solution. The solution to problem (i) is an integer 
pair contained in the triangle T = {(r, s): r > 1, s > 1, r + s < N, r and s integers}. 
Let PN be the oriented (integer) path in TN which begins at (1,1) and moves in TN 
according to the following recursive rule: At the integer pair (x, y), compute 
f = f(x, y; a, b). Iff - 0 or x + y = N, then the path ends at (x, y) . If f > 0 step 
right one unit to (x + 1, y), otherwise step up one unit to (x, y + 1). The following 
Theorems 4 and 5 can then be used to produce algorithms which give efficient solu- 
tions to problems (i) and (ii). A numerical illustration is given in Section 5. 

THEOREM 4. The inimni inumn of f(r, s; a, b)I in TN is attained on PN and is niot 
attained in T-PN . 

THEOREM 5. For any c > 0 there exists a positive initeger N stuch that f I < e 
at the endpoint of the path P. anid If I > s for all integer pairs in TN-1,. 

We will need the following Lemma 6 in the proof of Theorem 4 and Lemmas 7 

and 8 in the proof of Theorem 5. For simplicity let P = limN--,. PN, f(r, s) = 

f(r, s; a, b), and let Z+ denote the set of positive integers. Then 

LEMMA 6. For fixed a anid b, 0 < a, b < 1, the following hold: 
(i) For fixed r E Z+, f(r, s) is a strictly increasing function of s with lim,5,f(r, s) 

= 1. 
(ii) For fixed s E Z+, f(r, s) is a strictly decreasingfunction of r with lim,."f(r, s) 

= -1. 

Proof. Although one can prove this lemma by working directly with the ex- 

pressions for the function f as given in Theorem 3, we shall not do so here. Instead, 

we give the intuitive argument which suggests the lemma and gives some insight 
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into our algorithm. If r is fixed and we increase s, we are giving player B additional 
rings, thereby increasing player A's chance of winning. Hence, f(r, s) is an increasing 
function of s. If B has an infinite number of rings then A is certain to win so that 
lim,. 0f(r, s) should equal 1 for each r, so that (i) should hold. In a similar fashion 
one can argue that (ii) should hold. Note that f will be positive above P and negative 
below. 

Proof of Theorem 4. The case N = 1 is trivial. Suppose then that the theorem 
holds for N = 1,2, .,k and let (rk+1,sk+1) be the end point of Pk+1. Let us first 
consider the case f(rk+l, Sk+ ) > 0 . By the induction hypothesis it suffices to show 
that the minimum of I f I in Tk+ 1 is not attained in {(r, s): r+ s = k+ 1} - {(rk+ 1, sk+ D}. 
Lemma 6 can be used to show that f is decreasing along the diagonal r + s = k + 1 
so that 0 < f(rk+ 1, sk+ 1) < f(r, k + 1 -r) for r' = 1,2, 1 2, rk+ 1 -1 . We claim that 
f(rk+1 + 1, Sk+1 - 1) < 0. Suppose not. If it were positive then Lemma 6 indicates 
that f(r, Sk+1 - 1) > 0 for r = 1,2, ..., rk+1 + 1 . But this would say that the path 
Pk+1 cannot reach (rk+liSk+l) (recall, + causes P to move to the right). Hence 
f(rk+1 + 1,sk+1 - 1) < 0 and since f is decreasing along the diagonal f(rk+1 + s, 

sk+1-s) < f(rk+1 + 1,sk+1-1) < O for s = 2, 3, ,sk+I-1. There must exist an 
(r,sk+1 - 1) on Pk satisfying f(rk+1 + 1,Sk+1 - 1) <f(r,sk+1 - 1) < 0 This fol- 
lows from Lemma 6 and the fact that only a negative value of f can cause the path 
to move upward. Hence, in this case one can easily see that the minimum of If I 
is not attained in Tk+ 1 -Pk+ 1. The casef(rk+ 1, Sk+ 1) < 0 follows in a similar fashion. 
lff(rk+1,sk+l) = 0, P ends at (rk+1,sk+1) and Lemma 6 can be used to show that 
f can have at most one zero in Tk+ 1 . Hence, the theorem holds in this case also. 

LEMMA 7. Fix a, b in (0, 1). If f(r, s; a, b) does not vanish on T = limN4O TN 

then there is a sequence of integer pairs {(rn,sn)}'=0 on P satisfyin1g: 
(i) f(rn-1, S) > 0 and f (r,,,sn) < O, n _ 1 . 
(ii) 1n > rn-1 + 1 and Sn > Sn_-1 + 1, n > 1. 

Proof. Let rO = so = 1 . If n = 1, one can use Lemma 6 and the definition 
of the path P to show that there exists a point (r1, s1) satisfying (i) and (ii). Let us 
then assume that we have found (re, sn) on P satisfying (i) and (ii) for each n = 1,2, ..., k. 
In this case, f(rk, Sk) < 0. Using Lemma 6 one can conclude that there must exist 
an s* with f(rk, s* - 1) < 0 and f(rk, s*) > 0. Clearly (rk, s*) lies on P. Moving 
right along the path P (from (rk, s*)) we can then use Lemma 6 again to conclude 
that there must exist an r* with f (r* - 1, s*) > 0 and f (r*, s*) < 0. Then 
(rk+ 1Sk+1) = (r*,s*) satisfies (i) and (ii) and the proof is complete. 

LEMMA 8. For each a > 0 there exists an R = R(e, a) suchi that r ? R imtplies 
that 

0 < f(I, s) -f( + 1, s) < a. 

Proof. Let s > 0 be given. Then there exists a K = K(e, a) such that 
o < Enl=K+la <s/2. Since (1 - aK)r tends to zero as r tends to infinity, there must 
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0.594 

0.585 0.277 

0.576 0.263 0.028 

0.566 0.249 0.011 -0.169 

0.555 0.233 -0.006 -0.187 -0.326 

0.544 0.216 -0.025 -0.206 -0.344 -0.451 

0.531 0.198 -0.045 -0.226 -0.363 -0.469 -0.552 

0.517 0.178 -0.067 -0.247 -0.383 -0.488 -0.570 

0.502 0.157 -0.090 -0.270 -0.405 -0.508 -0.588 

0.485 0.133 -0.115 -0.294 -0.428 -0.529 -0.606 

0.466 0.108 -0.142 -0.320 -0.452 -0.551 -0.626 

0.445 0.080 -0.171 -0.349 -0.478 -0.574 -0.647 

0.421 0.048 -0.203 -0.379 -0.505 -0.599 -0.669 

0.394 0.013 -0.239 -0.412 -0.535 -0.625 -0.692 

0.362 -0.027 -0.279 -0.448 -0.567 -0.653 -0.717 

0.325 -0.073 -0.323 -0.489 -0.603 -0.684 -0.744 

0.279 -0.127 -0.374 -0.533 -0.641 -0.717 -0.772 

0.222 -0.191 -0.432 -0.583 -0.683 -0.753 -0.802 

0.149 -0.269 -0.501 -0.641 -0.731 -0.792 -0.835 

0.049 -0.367 -0.583 -0.707 -0.784 -0.835 -0.870 

-0.101 -0.498 -0.684 -0.785 -0.845 -0.883 -0.909 

-0.357 -0.686 -0.816 -0.880 -0.915 -0.937 -0.952 

Fig. 1 

exist an R = R(s, a) such that r 2 R implies that 0 < (1 - aK)r < s(l - a)/2. 
Using Theorem 3, one can easily see that for r > R 

00 

f(r,s) -f(r + 1,s) = I {an '(1 - an-)r(1 - b')8 - a(1 - an)r(1 - bnl)s} 
n=2 
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= I a(1 - an)r{(l - bn+ l)s (1 - bn- 1)3} 
n=1 

00 

< (1 a)I(l- a) + an 
n-.K+1 

<X 

and the proof is complete. 

Proof of Theorem 5. Let E > 0 be given. We then claim that there must exist 
an (r, s) on P with j f(r, s) j < 8. If f has a zero then Theorem 4 implies that one 
zero must lie on the path P. Suppose then that f has no zeroes in T = limN,"" TN 

and let R be as in Lemma 8. Lemma 7 then indicates that we can find an (r, s) on P 
such that r ' R, f(r - 1, s) > 0 and f(r, s) < 0. Since r ? R Lemma 8 indicates 
that 0 < f(r - 1, s) -f(r, s) < s . But then -f(r, s) = I f(r, s) I < , i.e., there exists 
a point (r, s) on P with j f(r, s) j < . Let (r*, s*) be the first point on the path P for 
which I f(r, s) I < E and let N = r* + s* . Then, using Theorem 4, one can easily 
see that N satisfies the conditions of our present theorem. 

5. Numerical example. We now give the handicaps in the original game of Section 
1 when a = 0.9 and b = 0.8 (i.e., players A and B fail on 0.9 and 0.8 of their tosses, 
respectively) subject to the restriction that the rotal number of rings is at most 23. 
In this case the fairest game occurs when r = 3 and s = 18 with f(3,18; a, b) - 
- 0.006. The three digit approximations to the function f(r, s; a, b) at the points 
of the triangle T23 where r ? 7 are given in the table of Figure 1. The numbers in 
boxes correspond to the points (r, s) on the path P23. The horizontal axis is the 
r axis. Note the f is positive above the path P23 and negative below. 

6. Other applications. In reliability theory an active redundant configuration is 
a system of, say r, components connected in parallel as shown in the block diagram 
of Figure 2. Whenever the system is activated the components are all simultaneously 
subjected to operation unless they have previously failed. The system functions 
as long as k or more of the components function. 

FG ' 

_ * 

. 
I 

FIG. 2. 
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Suppose the time to failure of each of the components is exponentially distributed 
with mean 1/1 and suppose the system operates for exactly T hours each day. Now, 
a component whose lifetime follows the exponential distribution shows no aging, i.e., 
the probability that the component survives day n + 1 given that it survived day n is 
the same as the probability that a new component will survive day one. Hence the 
stochastic analysis of this (active redundant) system is equivalent to the analysis in 
Section 2 providing we identify 

(i) the number of rings r with the number of components, and 
(ii) the (constant) probability of failure q on a single toss of a ring with the 

(constant) probability e-AT that a component will survive day one (= T hours) 
The play in the ring tossing game can then be identified with the comparison 

between competing systems built from two different types of components. 

ON APPLICATIONS OF VAN DER WAERDEN'S THEOREM 

JOHN R. RABUNG, Randolph-Macon College 

1. Equivalent versions of the theorem. In [1] B. L. van der Waerden relates how 
Artin, Schreier, and he were able to find the proof of the following conjecture of 
Baudet: 

(A) If the set of positive integers is partitioned in any way into two classes, then 
for any positive integer I at least one class contains a set of I consecutive members 
of an arithmetic progression. (Henceforth we shall use the phrase "arithmetic pro- 
gression of length l" to mean a set of I consecutive members of an arithmetic 
progression.) 

Aside from the ingenuity of the proof which finally arose, one of the most in- 
triguing aspects of the paper is the manner in which these men were able to manip- 
ulate Baudet's conjecture into more manageable, yet equivalent forms. The first 
such manipulative step was to consider the following statement suggested by Schreier: 

(B) For any positive integer I there exists a positive integer N(l) such that if the 
set {1,2, ..,N(l)} is partitioned into two classes, then at least one class contains 
an arithmetic progression of length 1. 

This so-called "finite version" of (A) clearly implies (A) and the converse impli- 
cation is shown in [1] using a Cantor diagonal approach. 

From here it was an easy step for Artin to show that (B) is equivalent to: 
(C) For any positive integers k and I there exists a positive integer N(k, 1) such 

that if the set {1, 2, ..*, N(k, l)} is partitioned into k classes, some class contains an 
arithmetic progression of length l. 

This is the statement which van der Waerden proved. (See [1] or [2].) 
Since the appearance of the proof several applications of the theorem have been 

published. (We shall discuss A. Brauer's application to power residues in another 
section of this paper.) However, it has become apparent that the real potential for 
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Suppose the time to failure of each of the components is exponentially distributed 
with mean 1/1 and suppose the system operates for exactly T hours each day. Now, 
a component whose lifetime follows the exponential distribution shows no aging, i.e., 
the probability that the component survives day n + 1 given that it survived day n is 
the same as the probability that a new component will survive day one. Hence the 
stochastic analysis of this (active redundant) system is equivalent to the analysis in 
Section 2 providing we identify 

(i) the number of rings r with the number of components, and 
(ii) the (constant) probability of failure q on a single toss of a ring with the 

(constant) probability e-AT that a component will survive day one (= T hours) 
The play in the ring tossing game can then be identified with the comparison 

between competing systems built from two different types of components. 

ON APPLICATIONS OF VAN DER WAERDEN'S THEOREM 

JOHN R. RABUNG, Randolph-Macon College 

1. Equivalent versions of the theorem. In [1] B. L. van der Waerden relates how 
Artin, Schreier, and he were able to find the proof of the following conjecture of 
Baudet: 

(A) If the set of positive integers is partitioned in any way into two classes, then 
for any positive integer I at least one class contains a set of I consecutive members 
of an arithmetic progression. (Henceforth we shall use the phrase "arithmetic pro- 
gression of length l" to mean a set of I consecutive members of an arithmetic 
progression.) 

Aside from the ingenuity of the proof which finally arose, one of the most in- 
triguing aspects of the paper is the manner in which these men were able to manip- 
ulate Baudet's conjecture into more manageable, yet equivalent forms. The first 
such manipulative step was to consider the following statement suggested by Schreier: 

(B) For any positive integer I there exists a positive integer N(l) such that if the 
set {1,2, ..,N(l)} is partitioned into two classes, then at least one class contains 
an arithmetic progression of length 1. 

This so-called "finite version" of (A) clearly implies (A) and the converse impli- 
cation is shown in [1] using a Cantor diagonal approach. 

From here it was an easy step for Artin to show that (B) is equivalent to: 
(C) For any positive integers k and I there exists a positive integer N(k, 1) such 

that if the set {1, 2, ..*, N(k, l)} is partitioned into k classes, some class contains an 
arithmetic progression of length l. 

This is the statement which van der Waerden proved. (See [1] or [2].) 
Since the appearance of the proof several applications of the theorem have been 

published. (We shall discuss A. Brauer's application to power residues in another 
section of this paper.) However, it has become apparent that the real potential for 
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application of (C) may lie in the size of the numbers N(k, 1). In his proof of (C) van 
der Waerden constructs numbers N(k, 1) which suffice, but it is thought that these 
constructed numbers are terrifically loose. For example, van der Waerden constructs 
N(2, 3) = 67 whereas any N(2,3) ? 9 will work. And just a glance at his general 
construction of these numbers suggests that their growth rate is much greater than 
it need be. As Erd6s points out in [3], tightening of the numbers N(k, 1) may lead 
to settling the question of the existence of arbitrarily long strings of prime numbers 
which are consecutive members of some arithmetic progression. 

But the refinement of the numbers N(k, 1) will not be achieved without an essen- 
tially new proof of (C). Because none have yet been found, one is led back to the 
reasoning of Artin, Schreier, and van der Waerden that perhaps another version 
of the statement would be more manageable. Several equivalent forms of (C) have 
appeared since thne proof was published. In this section we present some other equiv- 
alent versions of (C). These versions seem more explicitly related to the problem 
of primes in arithmetic progression than does the statement of (C). We begin with: 

(D) Let S = {ai}1=, be any strictly increasing sequence of positive integers. 
If there exists a positive integer M such that ai+1 - ai < M,for i = 1,2, *., then 
there exist among the members of S arithmetic progressions of arbitrary length. 

This is quickly seen to be a consequence of (C), for consider the following parti- 
tion of the set of positive integers into M classes: 

Ko = {aj: al E S} = S 

K1 = {ai + 1: aieS} Ko' 

K2 = {al +2: aieS} (Ko UK1)' 

Kj = {ai +j: 
a1-S}n 

(Uh-1 Kh 

KM-1 ={ai + (M-1): aeS} n(UM_1 Kh)'. 

It is clear from the nature of S and the construction of the classes, K., that this is 
indeed a partition of the set of positive integers into M classes. Now by (C) there 
must be an arithmetic progression of length 1 (arbitrary) in some class, say K,. 
Suppose this arithmetic progression is {b, b + d, b + 2d, *. , b + (1- 1)d} . Since 
b E Kn, we have b = a + n for some a E S. Similarly each member of this pro- 
gression is n greater than some member of S. Thus, {a, a + d, a + 2d, ., a + (1- 1)d} 
c S, and the result is obtained. 

Now (D) immediately yields: 
(E) If the set of positive integers is partitioned into two classes, then at least one 

of the following holds: 
(1) One class contains arbitrarily long strings of consecutive integers. 
(2) Both classes contain arithmetic progressions of arbitrary length. 
This is clear since if (1) does not occur, then (D) applies in both classes. And 
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since (E) readily implies the Baudet conjecture (A), we see that (D) and (E) are each 
equivalent to van der Waerden's theorem (C). 

Now (D) and (E) both yield "finite versions": 
(D') For any M and 1 there is a positive integer Nd(M, 1) such that any strictly 

increasing finite sequence {ai}l71 of positive integers with differences bounded by 
M (i.e., ai+1 - a,< M) and with am - a, > Nd(M, 1) will contain an arithmetic 
progression of length 1. 

(E') For any M and I there is a positive integer Ne(M, 1) such that whenever the 
set {1, 2, ,Ne(M, l)} is partitioned into two classes at least one of the following 
holds: 

(1) One class contains M consecutive numbers. 
(2) Both classes contain arithmetic progressions of length 1. 
From either of the statements (D') or (E') one sees the connection between 

van der Waerden's theorem and the problem of primes forming consecutive members 
of an arithmetic progression. If one can sharpen the number Nd(M, 1) enough and 
observe a relationship between this number and the rate of growth of gaps between 
consecutive prime numbers, one may be able to settle the question. 

We have not been able to generally sharpen an estimate for Nd(M, 1), but we have 
found best possible values of Nd(M, 1) for some values of M and 1. These are presented 
in section 3 of this paper. 

2. An application of Witt's generalization of van der Waerden's theorem. Very 
shortly after van der Waerden published his proof in [2], A. Brauer [4] showed, 
among other things, that for any positive integers k and 1 there is a number Z(k, 1) 
such that for any prime p > Z with p 1_ (mod k) the reduced residue system 
{1,2,, p -1} modulo p contains 1 consecutive numbers, each of which is a kth 
power residue modulo p. Several authors since have found uniform upper bounds 
on this string of consecutive kth power residues for fixed k and 1. (See for example, 
[5]-[10].) 

J. H. Jordan [11], without the assurance of a general theorem like Brauer's, 
stepped into the domain of Gaussian integers Z[i] and proceeded to find several uni- 
form upper bounds for what he called "consecutive" Gaussian integers which are all 
kth power residues of a prime of sufficiently large norm. The question arises, then, as 
to whether there is a theorem like Brauer's for the Gaussian domain. In this section 
we show that there is such a theorem. 

It is Ernst Witt's generalization [12] of the van der Waerden theorem which allows 
one to use an approach analogous to Brauer's in not only the Gaussian integers, 
but in some other domains as well. Witt's theorem may be stated as follows: 

Let F = {Yi' Y2' -) y be a fixed set of Gaussian integers. For any positive 
integer k there is a positive integer N(k, I) such that if the set 

A ajyj: aj eZ, aj _ 0, aj1= N(k,l)} 
j=l j=1 

is partitioned into k classes, some class will contain a homothetic image, F', of F. 
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(Here we shall say that F' is homothetic to F if F' = Ar + a = {Ay + a: y E F} 
where A is a positive integer and a is an arbitrary Gaussian integer.) Now if in the 
above statement yj E r is such that yj I jyi|, 1 < i < 1, then we see 

I 
| aYj| < (|aj|Iv.I) < LvI zjaj = LYjIN(k,l) 
j=1 j=l j=l 

since aj > 0. Thus, we may also say that if the set of all Gaussian integers with norm 
not greater than (I y., j N(k, 1))2 is partitioned into k classes, then some class will 
contain a homothetic image of F. Let N(k, F) = (max{j yj l: yj E F})N(k, 1). Now we 
can prove: 

THEOREM 1. Given any finiite set of Gaussian integers, say F = {Y1i Y2' ..1Y 
and any sufficiently large Gaussian prime, Xt, there is a set P = {P19P2, "'Pi} 
of quadratic residues modulo ir such that P is a translation of F. 

Proof. Let D(F) = maxtjI yj - yi, yj e- F be called the diameter of F. By 
choosing our prime 7r with large enough norm we can imbed any set of Gaussian 
integers having finite diameter in a reduced residue system modulo 7r. (See Hard- 
man and Jordan [13].) Hence, we see that for ir with sufficiently large norm there is 
either a translated image of F close to the origin consisting entirely of quadratic 
residues or there is a quadratic nonresidue, v, modulo 7t such that 1 _ j v j < D(F) + 1. 
Let R represent any finite array of Gaussian integers which is large enough to con- 
tain some translation of F and vF = {vyj: yj E r} . 

Now consider it to be a Gaussian prime such that jir j > 2N(2, R) + 1, thus 
assuring that a reduced residue system (of the Hardman-Jordan type) modulo 7r, 
when broken into two classes will contain a homothetic image of R in one of the classes. 
In particular, either the class of quadratic residues or the class of quadratic non- 
residues will contain such an image, say R' = AR + a for some nonnegative integer 
A and a a Gaussian integer. Now if A and the elements of R' have the same quadratic 
nature modulo 7r, then multiplication by A- 1 modulo ir yields R" = R + A- 1 con- 
sisting entirely of quadratic residues modulo it. 

If A and the elements of R' are of differing quadratic nature modulo 7r, then 
R" = R + A-'a consists of quadratic nonresidues. But now R + A la contains as 
a subset some translation of vF, say vF + c'. Since v is a quadratic nonresidue, 
r + v- la' is made up of quadratic residues modulo 7t, and we are done. 

Following Brauer's argument in similar fashion, one can establish 

THEOREM 2. Given any finite set F of Gaussian integers and any positive integer 
k, there exists a translation oJ F consisting entirely of kth power residues modulo 
any sufficiently large Gaussian prime ir with N(r) =1 (mod k). 

In the interest of moving toward applications of Witt's Theorem similar to those 
mentioned in the first section of this paper, we note that this theorem has the fol- 
lowing equivalent versions analogous to (D) and (E) of the preceding section: 

(A) If X = tail}' is any sequence of Gaussian integers for which there exists 
a finite set H = t{q1, q2, qM} of Gaussian integers such that 
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Z[i] c ? u (? + 'l) u (? + l2) U u( + qM) 

then for any F = {Y1,Y2-') ,Y,} C: Z[i, ? contains a homothetic image of F. 
This statement is proved in the same way as statement (D) of the preceding section 

was proved. And from (A) we get: 
(B) For any partition of the set of Gaussian integers into two classes one of the 

following must occur: 
(1) One class contains a translation of any finite set of Gaussian integers. 
(2) Both classes contain a homothetic image of anyfinite set of Gaussian integers. 
To establish (B) one needs only to observe that in such a partition if we view each 

class as a sequence of Gaussian integers, either the condition of (A) will apply to both 
sequences (and, hence, (2) holds) or that condition will fail to hold for one of the 
sequences. In the latter case the class K where the condition fails will have arbitrarily 
large "holes" in it in the sense that for any positive integer M we could find 4 E Z[i] 
such that 

{ceZ[i]: j4-4j ? MI nK = 0. 

(For, if not, we could use H = eC E Z[i]: I I | M} in the statement of (A).) 
So (B), like (E) of the preceding section, brings forth the question of "patterns" 

of prime Gaussian integers. Of course, just as there are arbitrarily large gaps in the 
set of rational primes, so there are arbitrarily large holes in the set of Gaussian 
primes. But still one is led to study a "finite version" of (B) as weighed against the 
growth rate of holes in the set of Gaussian primes. Here, as in the rational case, 
such studies have so far yielded little fruit because of the unwieldy size of the con- 
stants involved in finite versions of Witt's Theorem. This is not unexpected since 
Witt's proof is essentially the same as that of van der Waerden in the rational case. 

3. Some numerical results. Let {ai},' 1 be a strictly increasing sequence of positive 
integers such that for some fixed positive integer M we have ai - ai < M for 
i = 1,2, ..., rm-1. From statement (D') of the first section of this paper we know 
of the existence of a number N(M,l) such that if am -a _ N(M, 1), then among 
the members of the given sequence there is an arithmetic progression of length 1. 
We direct our attention to the number N(M, 1). Clearly, once such a number is 
found, any larger number would serve the same purpose. Let N*(M, I) = min{N(M, 1)}. 
Under this definition, displaying a value of N*(M, 1) for some M and I implies the 
existence of a sequence {ai}l=1 with differences between successive members 
bounded by M such that am - a, = N*(M, 1) - 1, and such that the sequence 
contains no arithmetic progression of length 1. In presenting our numerical results 
we shall also present such sequences which show our constants to be correct. Ac- 
tually we shall give the sequence of differences associated with the original sequence; 
that is, if {ai}l= 1 is a sequence to be displayed, we shall instead display the sequence 
{di}m'J= where di = ai+1 - ai for i = 1,2, m m-1 . We shall also impose on our 
sequences the condition that di + di +1 > M for i = 1, 2, , m -2. One easily sees 
that this condition in no way alters the generality in computations of N*(M, I). 
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To give an easy example of how the computations were made, let us consider 
the calculation of N*(2, 3). That is, we consider all sequences of differences di with 
each di = 1 or 2 and with di + di+1 > 2. Suppose d1 = 1. Then d2 = 2 and d3 = 1 
or 2. If, however, d3 = 2 = d2, then two consecutive differences are alike which, 
of course, means three members of the original sequence are in arithmetic pro- 
gression. So we consider the case when d3 = 1. This means d4 = 2, and again 
since d4 + d3 = d2 + d1, we have an arithmetic progression of length 1 = 3 in the 
original sequence. This exhausts all cases with d1 = 1. Similar argument shows that 
with d1 = 2 one gets the sequence of differences {2,1,2} before exhausting all 
possibilities. A corresponding original sequence might be {1, 3, 4,6}. This is, in one 
sense, the longest such sequence with no three terms in arithmetic progression. 
Since here, in the notation of the preceding paragraph, am -a1 = 5, we get 
N*(2, 3) = 6. 

The following table displays some values of N*(M, 1) which we have found 
using essentially the above technique and the CDC 3800 computer at the Research 
Computation Center, Naval Research Laboratory, Washington, D.C. 

N*(M, 1) Sequences of differences {di}72j' of maximal length 

N*(2, 3) = 6 1{2, 1, 2} 
N*(3, 3) = 18 {3, 2, 3, 1, 3, 2, 3} 
N*(4, 3) = 27 {1, 4, 3, 4, 2, 4, 3, 4, 1} 
N*(5, 3) = 64 {5, 4, 5, 3, 5, 4, 5, 1, 5, 4,5, 3, 5, 4,5} 
N*(6, 3) = 102 {5, 6, 4, 6, 2, 6, 4, 5, 6, 5, 3, 5, 6, 5, 4, 6, 2, 6, 4, 6, 5} 
N*(2,4) = 15 {2, 2, 1, 2, 2, 1, 2, 2} 
N*(3, 4) = 57i {3, 3, 2, 2, 3, 3, 1, 3, 3, 2, 3, 3, 1, 3, 3, 2, 3, 3, 1, 3, 1, 3, 2} 
N*(2, 5)-= 291 {1, 2, 1,2, 2,25,1,2, 2, 25,1,2, 2, 2,1,2,1} 
N*(2,6) = 57 {2,2, 1,2,1 2,2,2, 1,2,2,2,2,512, 1,2, 1,2, 1,2,2,2,2, 1,2,2,2, 1, 

2, 1, 2, 2} 

We also found the partial results N* (4,4) _ 160 and N* (2, 7) _ 193. 
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ELEMENTARY EVALUATION OF 4(2n) 

BRUCE C. BERNDT, The Institute for Advanced Study and University of Illinois 

1. Introduction. Let Bj denote the jth Bernoulli number (defined below in 
Section 2). Euler's formula 

(1.1) ((2n) - k-2n )(2ic) B2n, (n > 1) 
k I 

2(2n)! 

is one of the most beautiful results of elementary analysis. Perhaps the three most 
common methods of proving (1.1) are by the use of the Fourier series for the 
Bernoulli polynomials [4, p. 524], by the use of the calculus of residues in conjunction 
with the Laurent expansion of cotx (given below) in terms of Bernoulli numbers 
[10, pp. 141-143], and by the method of Euler, described in [1], for example. 
T. M. Apostol [1] recently gave a proof of (1.1) that uses knowledge of symmetric 
functions and one of Newton's formulas. The idea for Apostol's proof can be found 
in the Yagloms' book [14, pp. 131-133], although they only establish (1.1) for 
n = 1 and n = 2. I. Skau and E. Selmer [11] use a similar method, but they do 
not explicitly evaluate C(2n) in terms of Bernoulli numbers. 

Apostol's paper [1] contains a survey of "elementary" methods used to establish 
(1.1). An even more recent paper of E. L. Stark [12] contains a lengthy bibliography 
of papers on the evaluation of C(2) and C(2n). To the references cited in the two 
aforementioned papers, one can add the paper of R. Hovstad [3] and H. Rade- 
macher's book [9, pp. 121-124]. 

In this paper, two new proofs of (1.1) are given. The proofs use only elementary 
calculus. The first proof, especially, is suitable for presentation in an ordinary cal- 
culus class. 

2. Properties of Bernoulli numbers and polynomials. The Bernoulli polynomials 

B.(x), 0 < n < oo, are defined by 

tex t a) 

(2.1) e' __ = - Bn(X)tnln! (|t I < 2i)o 
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In this paper, two new proofs of (1.1) are given. The proofs use only elementary 
calculus. The first proof, especially, is suitable for presentation in an ordinary cal- 
culus class. 
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B.(x), 0 < n < oo, are defined by 

tex t a) 

(2.1) e' __ = - Bn(X)tnln! (|t I < 2i)o 
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The Bernoulli numbers B., 0 < n < oo, are defined by Bi = B,(O). Formally dif- 
ferentiating both sides of (2.1) with respect to x, we easily deduce that 

(2.2) Bl(x) nB,,_1(x). 

A more rigorous proof may be easily derived from the formula 

B,3(x) = (k )Bkxn- k, 

which is easily proved by writing the left side of (2.1) as {t/(et - l)}ext, expanding 
t(et- 1) and ext into power series about t = 0, and then equating coefficients of 
like powers of t on each side of (2.1). 

If 1X> 1, 

(2.3) B20+1 =. 

This is easily shown upon observing that the left side of 

et-1 2 it = 2 

is an even function of t. Similarly, since the left side of 

te t/2 ?O 
et - = zB,,(112)t/nn! 

is an even function of t, we deduce that for n > 0 

(2.4) B2n+1(1/2) 0. 

Setting x = 0 and replacing t by -iy in (2.1), we find that for y < 27r 

(2.5) (y/2)cot(y/2) = - iy/2 + iy 

00 00 

- iy/2 + E B (-iy)n/n! - , B21t?( - 1)my2m/(2rm)!, 
n-O rnt- 

by (2.3). 

3. First proof of Euler's formula. The germ for the idea behind this proof 
came from a problem in A. Ostrowski's text [7, p. 196]. We first need the following 
very weak version of the Riemann-Lebesgue lemma. 

LEMMA 1. Let f(x) be twice continuously differentiable on [0, a], 0 < a < 7r, 
and suppose that f(O) = 0. Then 

r a sin (Nx) urn f (x) sin x dx = 0. 
N-~c Jo 
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Proof. Put g(x) = f(x)/sin x and integrate by parts to obtain 

(3.1) f g(x) sin (Nx)dx = -g(x) N(N) + + A g'(x)cos(Nx)dx. 

By L'Hospital's rule, limX,O g(x) =f'(O). Thus, the integrated term on the right 
side of (3.1) tends to 0 as N tends to oo. Also, by L'Hospital's rule, lim<O g'(x) 
= f"(O)/2. Thus, the integrand on the right side of (3.1) is bounded on [O, a]. It 
follows that the last expression on the right side of (3.1) tends to 0 as N tends to oo, 
and the proof is complete. 

First proof of (1.1). Let k and n be positive integers. Integrating by parts 
twice with the aid of (2.2), we obtain, if n > 1, 

, 1/2 

I,,(k) j {B2.(X)- B2n} cos (27ckx)dx 

= -22nk fb (B2n -x) sin (27tkx)dx 

_ 2n(2n - 1) 1'/2 
2n(2n I- B2n2(x)cos(27rkx)dx (27rk)2 J 

where in the last integration by parts we used (2.3) and (2.4). If we integrate by parts 
a total of 2n - 1 times, we find upon the continued use of (2.2), (2.3) and (2.4) that 

(3.2) In(k) - (-( 1)(2n)! Bi(x) sin (27rkx)dx (27rk)2n- I 

( -lif(2n)! B,(x) cos (27rkx) 1/2 

(2nk)2n ( I 2rk lo 

_( On-1(2n)! 
2(27rk)2n 

by (2.4) and the fact that B1 =-1/2. 
Now sum both sides of (3.2) from k = 1 to k = N to get 

(3.3) (1)'1 
- 
(2 n)! N k2" = ilj2 - 

N 

(31)" t(2 n) 
I k-2t = A {B2n(X)- B2J} I cos (27kx)dx 

2(27 ) k = 1 0 k-1 

T1/2 sin {(2N + 1)7rx} iL, =J {B2,,(X)- B2n}| {2 i - dx. = {B2,(x) - ~~2sin(nxx) 2J 

(The given expression for the sum of cos (27tkx), 1 < k < N, is easily proved by 
induction on N. Alternatively, the result can be obtained by summing the geometric 
series e2,ikx, -< k < N, and then taking the real part.) Now apply Lemma 1 with 
f(7rx) = {B2n(x) - B2n}/2. Upon letting N tend to oo in (3.3) we obtain 
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(3_4) 1)n(2n)! 4(2n) -1 f"{B2(X) - B2n}dx 

1 ,1/2 

- - 2(2 + 1) ( B2n +I(x)dx + B2n 
-2(2n +1) 4) B 

=B2n/4, 

where we have again employed (2.2), (2.3), and (2.4). Equation (3.4) is clearly, equiv- 
alent to (1.1), and the proof is finished. 

It is worthwhile to note that in the proof above we are, in fact, calculating the 
Fourier coefficients of B21,(x). 

4. Second proof of Euler's formula. In our next proof we generalize the 
method of the Yagloms [14], Holme [2], Skau and Selmer [11], Papadimitriou [8], 
and Apostol [1]. However, we need to generalize only the case n = 1. 

The simplest, most elementary proof of the next lemma is due to E. H. Neville [5]. 
We shall give a more detailed recapitulation of his proof. 

LEMMA 2. For real, non integral x, we haue 

00 

(4.1) it2csc2(7tx) = X (k + X)-2. 
k= o 

Proof. As in [8], it easily follows from DeMoivre's theorem that for each positive 
integer in, 

sinO(2n + 1)0 = sin2m +1 0P,(cot2 0), 

where Pm(y) is a polynomial of degree mi with constant term 2m + 1. Put 0 = 
- rk/(2m + 1), where k is an integer such that -m < k < in. It follows that 

sin2(2m + 1)0 = sin2(2m + 1)4 = {sin2m+10Pi(cot24)}2. 

But ymPm((l - y)/y) is a polynomial in y of degree in, and so Q(y)- y{ymPm((l -y)ly)l 
is a polynominal in y of degree 2m + 1. Hence, the equation above states that 
the polynomial 

R(y) -Q(y) - sin2(2in + 1)0 

has zeros at the points y = sin20 = sin2 {0 + 7rk/(2m + 1)> -in < k < m. The 
coefficient of y and the constant term of the polynomial R(y) are (2m + 1)2 and 
- sin2(2m + 1)0, respectively. Hence, if we let 0 = 7rx/(2m + 1) and form the sum 
of the reciprocals of the roots of R(y), we deduce that 

In 
cs2r(k +x) 

i 
cot2 x 

(4.2) 1 csc 2m + 1 =- cot 2m + l + (2m + 1) 

= (2m + 1)2 csc2 (x). 
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Without loss of generality, we shall now assume 0 < f x j < 1/2, since each 
side of (4.1) obviously has period 1. 

Since siny < y < tan y for 0 < y < r/2, we have 

cot2y <y2 < 1 + cot2 y, 

for ? < I y I < r/2. Let y (k + x)ir/(2m + 1) and sum on k, - m < k < m, (note 
that for each such y, 0 < I y I < 7/2) to obtain 

m 
cotZ(k + )r (2m+ 1)2 _ I cot2 < 7r (k +XY-2 

2(k +x)ir <2m+1 + , cot2 -+-__ k=-m 2r+ 

Multiplying both sides by 7r2/(2m + 1)2, using (4.2), and letting m tend to oo, we 
deduce that 

~~~~~~~~~~2 
k (k + x) 2 = limn X (2m + 1)2 {4m2csc2(jrx) + (4m + 1)cot2(7rx) + 2m} 

= 2 CS2 (1nX). Jr icsc2(t) 

To prove Euler's formula (1.1), we shall need the following recursion relation 
for Bernoulli numbers [6, p. 66]. 

LEMMA 3. For n ? 2, 

(4.3) - (2n -1)2, = 2k B2kB2n.-2k. 

Proof. An easy proof can be given by induction, but we shall proceed directly. 
A slight rearrangement of (2.1) gives 

00 

(4.4) 1/(et - 1) + 1/2 - t/4 = l/t - t/6 + I B2,,t2n- /(2n)! 
n 2 

Differentiating both sides of (4.4), we obtain 

(4.5) - t2- (e - + - 8 - t2(- (4 5 -t2dt e't 1 +2 4J (et 1)2 4 

= - 1+ 2 =1 + t2/6 - E (2n -l)B2n 

On the other hand, from (2.1) 

(4.6) 1 2 
t { B2 - 2nI (2n)}. 

Comparing coefficients on the right sides of (4.5) and (4.6), we find that for n > 2 
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(2n - 1)B2n ? B2kB2,3.2k 

(2n)! k= o (2k)!(2n-2k)!' 

which is equivalent to (4.3). 

Second proof of (1.1). For 0 < I x < 1, we find from (4.1) and (2.5) that 

00 

X (k + X)-2 r2csc2(7rx) - l/x2 = 7r2{1 + cot 2(7rx)} - 1/x2 
ki=-oo 

00 2 
=7r2 + - B m-)(2x2/(2in)! -1/X2 

(4.7) 

X k=o ( _ 1)k _ 2j2k -2]! (27rx)2k -1/x2 

00 

= 7t2 - B2(27r)2 - E ( _)"(27r)2"(2k - 1)B2kx2k-2/(2k)!, 
k ==2 

where we have employed Lemma 3. On the interval I x < 1/2, the left side of (4.7) 
converges uniformly and thus represents a continuous function there. Hence, we 
may let x tend to 0 on both sides of (4.7) and find that 2C(2) = 7r2/3, which is, of 
course, (1.1) with n = 1. 

Now differentiate both sides of (4.7) 2n - 2 times with respect to x, where x is 
not a nonzero integer and n ? 2. We then obtain 

00 oo x2;;- 2ti 
(4.8) (2n-1)! E (k + x)-2 = _ ()kX(27)2k B2k 

k=-oo ~k =n 2k(2k -2n). 
k*O 

Setting x = 0 in (4.8), we deduce that for n ? 2 

2(2n - 1)!C(2n) = (-1) ' (27) B2,,/2n, 

which is equivalent to (1.1). 

There exist several recursion formulae similar to (4.3) with products of two 
Bernoulli numbers on the right side. See Nielsen's book [6] for many such relations. 
From (1.1) a corresponding recursion relation for C(2n) may then be established. 
Without recourse to Bernoulli numbers, several authors have found such recursion 
relations for ((2n). One can then usually establish (1.1) by an easy induction. 

5. Concluding remarks. Finally, another method for evaluating C(2n) can be based 
on the infinite product expansion for sin x, 

(5.1) sinx= k-l(1s (-x < x < co). 
x k=1 ~k2v2) 
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Neville [5] has given a very simple, elementary proof of (5.1) that depends upon 
(4.2). This method of evaluating C(2n) essentially goes back to Euler. The determina- 
tion of C(2) and C(4) from (5.1) is a problem in Titchmarsh's book [13, p. 34]. See 
also a paper of Zerr [15]. To find C(2n), raise each side of (5.1) to the nth power, 
expand each side into a Maclaurin series, and then equate coefficients of x2n. 

The author is very grateful to Tom M. Apostol for suggestions which substantially improved 
the quality of this paper. 

Supported in part by National Science Foundation grant GP-36418X1. 
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Now we introduce our notations. They differ somewhat from the usual notations 
but are more appropriate for our presentation. 

P = {P1,P2,P3, ...} is the set of propositional variables. 
L = {P1i -Pi P2, -P2, - } is the set of literals. 
F is the set of formulas. F is defined as the smallest class such that L c F and 

if A E F and B E F then (AA B) E F and (A V B) E F. 
We use only the connectives (not), A (and), and V (or). We use the letters A 

and B for formulas. 
Notice that we apply -, only to propositional variables. However, consider 

the usual definition of formula where negation is allowed to apply to arbitrary 
formulas. Any such formula may be transformed to an element of F by applying the 
transformations A for A, A V B for (A A B), and - AA - B for (A V B) 
as many times as necessary so that at the end - is applied only to propositional 
variables. So when we write -A for a formula we mean the element of F obtained 
from A by these transformations. When we assert A we mean that A is true, and 
when we assert -A we mean that A is false. 

To motivate the need for the logics discussed in this paper, we now give an ex- 
anmple of a situation where propositional logic is not the appropriate logic to use. Let 
us suppose that P stands for a set of scientific statements whose truth or falsity is 
evaluated by 4 observers. The first observer performs various experiments and cal- 
culations on the basis of which he determines for each pi whether it is true or false 
(exactly one of these alternatives being allowed), and writes pi if true, - pi if false. 
We let 01 be the set of literals written by the.first observer. The second observer 
performs his own experiments and calculations on the basis of which he determines 
the truth or falsity of each pi where again exactly one of these alternatives is allowed. 
We let 02 be the set of literals written by the second observer. We may for example 
have the following, 

?1 {P, -P2, -P3,P4 P5, *.**.} 

02 ={P1DP2, P3)P4, P5} . 
The third and fourth observers are not able to conduct their own experiments 

and calculations. They are simply given 01 and 2. Let us assume that the third 
observer accepts all the conclusions of both the first and second observers. Then 
in our example 

03 = {P1, P2, - P2, - P3, P4, P5, 'P5, ***}. 

Note that P2 is both true and false for the third observer, while p1 is true but not 
false for him. Let us now assume that the fourth observer accepts the truth or falsity 
of a proposition only if both the first and second observers agree. Then in our example 

04-{PD,P3,P4, "'I 

Note that while p3 is false for the fourth observer, P2 is neither true nor false for him. 
What logic should these observers use? In this paper we try to answer that ques- 

tion. While propositional logic suffices for the first 2 observers, it does not suffice 
for the last 2. The first 3 observers may use our b-logic which allows for inconsis- 
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tencies, while the first, second, and fourth observers may use our n-logic which allows 
for incompleteness. Finally all 4 observers may use our generalized logic, the g-logic. 

2. Propositional logic. In this section we review some concepts and results from 
propositional logic using our notations. For an exposition using standard notations 
see [3] Pages 9-13. 

(1) A subset V of Lis called an elementary valuation if for every pair {pi, pi} 
exactly one member of the pair is a member of V. 

We think of the members of V as the true literals of the elementary valuation. 
For example 01 and 02 are elementary valuations, but 03 and 04 are not. 

Every elementary valuation Vgenerates a valuation P7, where 7 s; F, as follows: 

r(i) if A is a literal then A E P if and only if A E V. 
(*) i (ii) If A = B V C thenAeVif and only if.BePor Cet-7. 

L(iii) If A = B A C then AeFifand only if Be17and Ce P.J 

If A E f7 then we say that A is true in the valuation F7; if - A E 7 then we say that 
A is false in the valuation F7. 

(2) A formula A is a tautology if A E V/ for every valuation V. 
(3) A formula A is a contradiction if A 0 P for any valuation F. 
(4) We say that A and B are equivalent if for every valuation P, A E P if and only 

if B E V. The set of equivalence classes of formulas form a Boolean algebra as follows: 

|A 11 V || B| -|AV B| |A||1 A || B| A |A /BI |A| - |AI| 
The set of contradictions forms one equivalence class, namely the 0 of this Boolean 
algebra; and the set of tautologies forms another equivalence class, namely the 1 
of this Boolean algebra. (See [2] Pages 43-46.) 

(5) If F1 and V2 are 2 different valuations then neither P7, rn V2 nor J1/ u V2 are 
valuations. 

Proof. If V1 r V2 = F' for some valuation V then for some i neither Pi E V nor 
-pi E V. Thus V is not an elementary valuation. Similarly, if P1 u V2 = WT then 
for some i both pi, Wand - p, e W so that W is not an elementary valuation. 

(6) If W- P and P is a valuation then W is a valuation if and only if W7j = 17. 

Proof. Assume that W F F/ and if' is a valuation. Then JT is generated by some 
elementary valuation W such that W - V. This implies that W = V, so that IV = 17. 
The converse is immediate. 

3. Inconsistent logic (b-logic). In this section we describe a logic which allows for 
inconsistencies. 

(1) A subset V of L is called an elementary b-valuation if for every pair {Pi, -p} 
at least one member of the pair is a member of V. 

It follows that the following 3 conditions are equivalent: 
(i) V is an elementary b-valuation. 
(ii) There is an elementary valuation W such that W 5 V c L. 
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(iii) There is a set {W} of elementary valuations such that V = U Wi. 
We think of the members of V as the true literals of the elementary b-valuation. 
Then 01, 02, and 03 are elementary b-valuations, but 04 is not. Every elementary 
b-valuation V generates a b-valuation P according to (*) in Section 2. 

(2) A formula A is a b-tautology if A E P7 for every b-valuation V?. 
The set of b-tautologies coincides with the set of tautologies. 

Proof. By (1) every b-tautology is a tautology. Now suppose that A is a tautology 
and let r be any b-valuation. V is generated by some elementary b-valuation V. 
By (1) (ii) there is an elementary valuation U such that U c V. Then A E U and 
C r F, so A E P. Thus A is a b-tautology. 

(3) A formula A is a b-contradiction if A 0 f for any b-valuation F. 
There are no b-contradictions. 

Proof. F is a b-valuation and for every formula A, A E F. 
(4) We say that A and B are b-equivalent if for every b-valuation V, A E P if 

and only if B E V. 
If A and B are b-equivalent then they are equivalent but not vice versa. For 

example, the formulas P, A 'Pi and P2 A P2 are equivalent but not b-equivalent. 
The set of b-equivalence classes of formulas form a distributive lattice with a 1 

but no 0 and an operation ' such that 

|A||1 V || A|= 1 (||A|| V || B||) = || A|I1 A 11 B || 
(1A || A || B II) = 11 A ||' V || B ||' and || A ||/ = IIA || . 

The proof is similar to the proof of the proposition that the set of equivalence classes 
of formulas form a Boolean algebra. 

(5) If V1_ and V2 are b-valuations then VP u V2 is a b-valuation in case 
V1 U V2 = (V, U V2). However the equation 1 u F2 (V,1 U V2) does not hold in 
general. For example, if Pi E V,, -p1 0 V,, p, V2, and -p1 E V2 then 
P, A -p1 E (V1 U V2) but P, A -P1 0 171 u V2. Similarly, the equation P, n V2 
- (V1 rl V2) does not hold in general. First of all V, nl V2 need not be an elementary 
b-valuation. But even if V1 nl V2 is an [elementary b-valuation the equation need 
not hold. For example, if P1 eV 1, P1 e V1, P2 e V1, P2 0 V1 and p1 0 V2, 
P,1e V2, P2 e V2, P2 e V2 then P1 V p2EV1flV2 but PiV p2 (V1 12). 

(6) The set of b-valuations is a semilattice with a 1 under inclusion. (See [1] 
Page 19 for the definition of semilattice.) 

Proof. F is the 1 of this semilattice since P c F for all b-valuations V. It suffices 
to prove that given b-valuations U and V, the least upper bound (lub) of { C, P} 
always exists. We claim that lub({ U, P}) is (U U V). For certainly U c (Uu V) 
and P c (U u V). Suppose now that U c JT'and V Si W. Then U c Wand V_ W, 
so Uu V C W. Therefore (Uu V) c W. 

4. Incomplete logic (n-logic). In this section we describe a logic which allows for 
incompleteness. 
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(1) A subset V of Lis called an elementary n-valuation if for every pair {pi, pil 
at most one member of the pair is a member of V. 

It follows that the following 3 conditions are equivalent: 
(i) V is an elementary n-valuation. 
(ii) There is an elementary valuation W such that V c W. 
(iii) There is a set {W1} of elementary valuations such that V = r) W,. 
We think of the members of V as the true literals of the elementary n-valuation. 

Then 01, 02, and 04 are elementary n-valuations, but 03 is not. Every elementary 
n-valuation V generates an n-valuation f according to (*) in Section 2. 

(2) A formula A is an n-tautology if A E V for every n-valuation 17. 
There are no n-tautologies. 

Proof. ( is an n-valuation and there is no formula A such that A E (P. 
(3) A formula A is an n-contradiction if A 0 V for any n-valuation 17. 
The set of n-contradictions coincides with the set of contradictions. 

Proof. By (1) every n-contradiction is a contradiction. Now suppose that A 
is a contradiction and let V be any n-valuation. V is generated by some elementary 
n-valuation V. By (1)(ii) there is an elementary valuation U such that V c U. 
Then A ? U, and V c U, so A F V. Thus A is an n-contradiction. 

(4) We say that A and B are n-equivalent if for every n-valuation V, A E V if 
and only if B E V. 

If A and B are n-equivalent then they are equivalent but not vice versa. For 
example, the formulas P1 V Pi and P2 V 'P2 are equivalent but not n-equivalent. 

The set of n-equivalence classes of formulas form a distributive lattice with a 0 
but no 1 and an operation ' such that 

||A ||A || A ||'= ?l (|| A || V || B | )=||A ||tA || B t 

(|A A | |B ||)' = || All' V || B I|', and || A |I" = || A I| . 

The proof is similar to the proof of the proposition that the set of equivalence classes 
of formulas form a Boolean algebra. 

(5) If F1 and V2 are n-valuations then V1 f V2 is an n-valuation in case F1 n V2 

-(V71 r V,2). However the equation V1 n V2 = (Vflf V2) does not hold in general. 
For example, if p1eV, and - p1eV2 then p1V -p. P ,eV1nV2 but P1V-Pl 
s (V1 n V2). Similarly, the equation V1 U V/2 = (V1 U V2) does not hold in general. 
First of all V1 u V2 need not be an elementary n-valuation. But even if V1 U V2 is an 
elementary n-valuation, the equation need not hold. For example, if p G V1, 
P2 0 Vl~, Pt V2, and P2eV2 then P1 AP2 (VlU V2) but P1 AP2-V1VU2. 

(6) The set of n-valuations is a semilattice with a 0 under inclusion. 

Proof. ( is the 0 of this semilattice since ( c V for all n-valuations V. It suffices 
to prove that given n-valuations U and V, the greatest lower bound (glb) of { U, V}. 
always exists (see [1] Pages 10 and 19). We claim that glb({ U, V}) is (Un V). For 
certainly (Ufl V) c U and (U n V) c V. Suppose now that W c U and V c V. 
Then Wc U and Wc V, so Wc UrnV. Therefore W_ (U rV). 
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5. Generalized logic (g-logic). In this final section we describe a logic which 
combines features of the b-logic and the n-logic. We state only the results and give 
no proofs since the proofs are similar to the ones given in previous sections. 

(1) Every subset of L is called an elementary g-valuation. Thus 01, 02, 03, 
and 04 are all elementary g-valuations. Every elementary g-valuation V generates 
a g-valuation 7 according to (*) in Section 2. 

(2) A formula A is a g-tautology if A E F7 for every g-valuation r7. 
There are no g-tautologies. 
(3) A formula A is a g-contradiction if A 0 V for any g-valuation V7. 
There are no g-contradictions. 
(4) We say that A and B are g-equivalent if for every g-valuation P, A E F1 if 

and only if B E. 
If A and B are g-equivalent then they are both b-equivalent and n-equivalent 

but not vice versa. For example, the formulas (Pi V - Pt) A (P2 V - P2) and 
(Pl V P2) A (-Pi V P2) are both b-equivalent and n-equivalent but not g-equiv- 
alent. 

The set of g-equivalence classes of formulas form a distributive lattice with no 
0, no 1, and an operation ' such that (|| All V || B II) = || A |' A || B || 

(II A II A || B I|) = || A ' V || B |', and jj A I"=| A II . 
(5) If /t1 and V/2 are g-valuations then F1 u V2 is a g-valuation in case V71 u F2 

-(V1 u V2) and F1 f V2 is a g-valuation in case V1 rn F2 = (V1 rn V2). The equations 
V1 U V2 = (VI u V2) and V1 rV 2 = (V1fr) V2) do not hold in general. 

(6) The set of g-valuations is a Boolean algebra under inclusion. 

Note. The notions presented in this paper for propositional logic have been 
extended by the author to first-order logic in a paper under preparation. 
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JACOBI'S SOLUTION OF LINEAR DIOPHANTINE EQUATIONS 

M. S. WATERMAN, Idaho State University, Pocatello 

1. Introduction. C. G. J. Jacobi's 1869 paper Uber die Auflosung der Gleich- 
ung, oelXx + c2X2 + *.. + CnXn = f u [1] is a careful treatment of linear Diophantine 
equations. Although Jacobi's first solution is exactly that used by modern authors 
such as Niven and Zuckerman [2, p. 94-98], he introduces the beautiful concept 
of equivalent systems of variables and uses this concept to establish the validity 
of his solution. 
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The purpose of this paper is to present the theory of equivalent systems of variables 
and apply them to linear Diophantine equations. The material on equivalent systems 
is, we feel, of interest in its own right and, while we try to follow Jacobi as much as 
possible, some of the work is not to be found in his paper. For example, Proposition 1 
and Theorems 2, 3, and 4 do not appear in Jacobi's paper. 

This material could compose the basis of an independent study project or take 
home exam in undergraduate number theory. 

2. Equivalent systems of variables. We begin with the basic definition. 

DEFINITION 1. Let X = (X1, X2, **., xn) and Y = (Yl, Y2, .**, Yn) be 1 x n vectors 
of variables. X and Y are said to be equivalent systems of variables if (1) each 
vector is defined in terms of the other by a set of linear equations without constant 
term and (2) the vector X has integer values if and only if Y does. If X and Y are 
related in this fashion we will write X Y. If X and Yare not equivalent systems 
of variables, we will write X - Y. 

Of course (1) means that X = YA and Y = XB where A and B are n x n matrices. 
It is easy to show that (2) implies these matrices must have integer elements. 

Jacobi also has another definition regarding linear systems. 

DEFINITION 2. Suppose X and Yare 1 x n vectors of variables and X = YA, 
Y= XB. Then these two systems of linear equations are called reciprocal systems 
if A = B-'. 

Now we relate the two definitions. 

PROPOSITION 1. Suppose X Y with X = YA and Y = XB. Then these equa- 
tions represent reciprocal systems. 

Proof. We have X = YA = X(BA) so that X(I - BA) = 0. Since X is a vector 
of variables, we fix the index j and let xj = 1 and xi = 0 for all i : j. This implies 
the jth row of I - BA is the zero vector, and, since j is arbitrary, I - BA = 0. 
Similarly I-AB = 0 so that A = B- 1 . 

The next theorem shows that the set of possible matrices in equivalent systems 
of variables forms the unimodular group (with integer elements). 

THEOREM 1. Let X = YA where all xi's and yj's are distinct variables and the 
elements of A are integers. Then X - Y if and only if det(A) = + 1. 

Proof. First assume X Y. Then X = YA, Y = XB, and, by Proposition 1, 
A`1 = B. Therefore, A-' must have integer elements. It follows that both detA 
and det A-' must be integers with (det A) (det A-1) = 1. Therefore, det A = + 1. 

Next assume detA = + 1. Then Y= XA'- where A' = (detA) '(adjA) = 

? (adj A) has integer elements. 
To see why xi and yi must be distinct variables consider 

(3 1) 

(.x, t) = (y' t) (, 1) 
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Now det(2 1) = 1 but the equations cannot hold unless y = 0. Therefore, 
(x, t) 1-1. (y,t). 

As one would expect - is an equivalence relation. The proof is left as an exercise. 

THEOREM 2. -is an equivalence r elation. 

We now need to define two operations. Let X = (x1, x2, **, xn) and Z = (z1, Z2, 

*., z). Define X v Z = (x1, x2, * , xn, z1, Z2, * , Zn)). Also, let Xe Z be the vector 
of all x variables which are not also Z variables. The next results study under 
these operations. 

THEOREM 3. If X1 Y1 and X2 Y2, then X1 V X2 Y1 VY2. 

Proof. If X1 = A1Y1 and X2 = A2Y2, then 

XlvX2=(Y2vYD(' 0) 

The other equality follows in the same manner. 

THEOREM 4. Let X1 1- Y and X2 - Y2 where t is an X2 and a Y1 variable. 
Then (X1 VX2)E(t) (Y1 v Y2)e(t). 

Proof. Using the proof of Theorem 3, 

(A1 0 
X1 V X2 = (Y1 VY2) 0 A2) 

Take the equation for t and substitute for t into each other occurrence for t in this 
system of equations. Thus, we obtain (Xl v X2) e(t) as linear integer combination 
of (Y" v Y2) e (t). To complete the proof, reverse the roles of X1 v X2 and Y1 v Y2. 

In Jacobi's paper he solves the equation 

O1X1 + 02X2 + *. + x,X, = fU 

where f is the greatest common divisor of o-, ot **n * (That is, f = (oh, X2' * 

He sets 

u = Y 1 = n 

and introduces certain variables Y2, yY3, .., Yn so that X Y. Then the problem is 
solved since X = YA and, with Yl fixed, we can let Y2, Y3, *.. Yn vary over all possible 
integer values and obtain all possible values of X = (x1,.x2, ..,x). 

3. Two variable linear diophantine equations. In this section we give the usual 
Euclidean algorithm solution of 

(1) .X 1 + L2X2 =f U 

where X1, C2 are fixed integers and f = (OI, oc2). Of course (OC/lf,a2/f) = 1 and 
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Euclid's algorithm provides us with integers y and ,B such that 

7Ifl7_ = 1. 

Then, if z is an arbitrary integer, 

Li(r Yu - cZ) + 2 + t 
l) Z fU 

Our solution to (1) is then 

(2) XI = xU - O2Z, X2 = -fu + fr z 

where z is an arbitrary integer. 
To see that (2) has all (x1, x2) such that (1) holds, write (2) as 

(XI,X2) = (u,Z) -2 = (u, z)A. 

Note that detA = 1. Thus (x1, x2) (u, z) and our solution is complete. 

4. General linear diophantine equations. As we remarked in the first section, 
we wish to solve 

(3) lXX + 2X2 + *' + AnX =fu 

where f = (L%t, *2, ...n) and oct, %2*' L%'n are integer constants. The main task is 
to find Y = (YI, Y2, ., YJ) such that X Y. To do this some new equations must 
be introduced. 

Let f2 (OCtI, ?2). Then consider 

LlXl + Lt2X2 = f2Y2 v 

By section 3, there exists z1 such that (x1, x2) (ZI, Y2). Then let f3 = (f2, o3) 
and consider 

f2Y2 + L%3x3 = f3Y3 . 

Again there exists Z2 such that (Y2, x3) (Z2, Y3) 
Letting fi = (fi-1, o), i = 3, ..,n, we obtain the following equations: 

xLX1 + X2X2 =f2Y2 

f2Y2 + x3x3 = f3hX 

(4) f3y3 + LX4x4 = f4Y4X 
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Of course y- = u and fn = f. 
Repeated applications of section 3 yield 

(x1,X2) - (Z,Y2), 

0 2nJ'3) - (Z2,y) 

(5) 
(U3 XX4) -(Z3 X '4), 

(J7_Dn) - 1X (Zn -D1Yn), 

Theorem 4 applied to the first two lines of (5) yields (x1, x2, x3) (Z1, Z2, Y3) 
This relation and the third line (5) yields (x1,,x2, x3, X4) - (Z, z2, z3, Y4) Pro- 
ceeding in the same manner, we obtain 

(X1, X2, ..X,) (Zz1,Z2 Zn-1,Yn) 

or 

(6) (x1, x2, ...@x") ZD(z1,Z2 ... Zn-1 U). 

Of course our solution is obtained in the obvious way from (5). From the first 
two sets of equations, we eliminate Y2. Then successively, eliminate Y3, Y4, Yn-. 
This process was indicated in our passage from (5) to (6). Jacobi actually finds the 
matrices associated with (6) and therefore solves the linear diophantine equation. 
He shows the determinant of the two associated matrices is 1 but we do not include 
his further results here. 

This work was partly performed under the auspices of the U. S. Atomic Energy Commission 
while the author was a faculty participant of the Associated Western Universities at Los Alamos 
Scientific Laboratory. 
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THE CONVERGENCE OF JACOBI AND GAUSS-SEIDEL ITERATION 
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1. Introduction. The Jacobi and Gauss-Seidel methods are perhaps the best 
known iterative procedures for solving a nonsingular linear system of n equations: 

n 

(1) aijxj= bj, i = 1,2,***,n. 
j=1 

We will assume that the equations are ordered so that all the aii are nonzero. 
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To apply either method to this system, first arbitrarily choose an initial approxima- 
tion, x0), i = 1,2, ,n. Then, generate successive iterates, x(k), k= 1,2, 3,k... 
by using the formulas: 
Jacobi: 

xik +) = - aijx5k) )/aii (i= 1, 2, 
j=1 

Gauss-Seidel: 

X(i+ ) = bi - a 
aijX(.k 1) - ajjx(k) /ai 

j=l j-i+l 

(i =1,,n) 

Under certain conditions (one of which is given later), the approximations, x(k), 

will converge to the solution of (1) as k -* 00. 
Notice that in obtaining iterate (k + 1) from iterate k, the Gauss-Seidel scheme 

makes use of "more recent information" than does the Jacobi scheme. Hence, 
it is natural to assume that the former method will converge whenever the latter 
one does, and at a faster rate. It is known, however, that this is not always the case. 
Several authors (see, for example, Fox [1, p. 194]) have given examples to show 
that when n = 3 it is possible for either method to converge while the other diverges. 
We will prove this to be true for all n _ 3. We will also show for all n _ 3 that when 
both methods converge, the rate of convergence of Jacobi iteration may be less than, 
equal to, or greater than that of Gauss-Seidel iteration. 

2. Matrix formulation of the problem. The system (1) can be written in matrix 
form as 

(1') Ax = b, 

where A is a nonsingular square matrix of order n with nonzero diagonal elements, 
and x and b are n-vectors. We can generate a class of iterative schemes to solve 
(1') by "splitting" A as A = B - C, where B is nonsingular, and then rewriting 
(1') as x = (B-1C)x + B-lb. This motivates the definition of a general class of 
iterative methods. Denoting the kth iterate by x(k), we choose x(?) arbitrarily and 
define 

(2) x(k+l) = (B- lC)x(k) +.Bb, 
for k0 

For simplicity of notation, let M = B -'C. Then (2) becomes 

(2') x(k+1) - Mx(k)+B-lb, for k = 0,1,2, 

DEFINITION. The spectral radius of a matrix N, denoted p(N), is given by 

p(N) = max{IlZiI: Ai is an eigenvalue of N}. 

DEFINITION. The iteration scheme (2') converges if for all initial vectors 
x()I limx(k) = X (component-wise) as k -+ oo, where x is the solution of (1'). 
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The proof of the following theorem, as well as a more complete discussion of 
iterative schemes, can be found in Isaacson and Keller [2, chapter 2, section 4]. 

THEOREM 1. The iteration scheme (2') converges if and only if p(M) < 1. 

The Jacobi and Gauss-Seidel methods are special cases of the general scheme (2). 
For Jacobi iteration, we have bij = aij if i = j, and bij = 0 otherwise. The Gauss- 
Seidel scheme is obtained by taking bij = aij if i _ j, and bij = 0 otherwise. For 
both schemes, the matrix C is given by C=B-A, and since A has nonzero diag- 
onal elements, B is nonsingular. 

3. Relative convergence theorems. In the following theorems, the matrix A is 
the coefficient matrix of the linear system (1). It is assumed to be nonsingular with 
nonzero diagonal elements, and we denote its order by n. 

THEOREM 2. If n = 2, Jacobi iteration converges if and only if Gauss-Seidel 
iteration converges. 

Proof. Let the elements of A be denoted by aij where i, j = 1,2. Then direct 
computation yields p(M) = .1a21a12 j1ia11a22 I for Jacobi and p(M) = |a21a12|/ 
|aja22 |for Gauss-Seidel. The theorem then follows by applying Theorem 1. 

THEOREM 3. For any n > 2, it is possible for Jacobi iteration to converge 
while Gauss-Seidel iteration diverges, and conversely. 

Proof. Let a and b be parameters, and consider 

1 0 0 ... 0 a 

1 1 0 ...0 0 

A 0 1 1. .0 0 

A- 
O 0 0 .. 1 0 

Lb 0 0 ... 1_t 

For this matrix A, we explicitly compute M = B-1C for the two methods, 
and obtain the characteristic equation, det(AI-M) = 0, for each. They are 

(3) An - abAn-2 + (-_)n+la = 0 for Jacobi, and 

(4) An-1(A- a(b + (-_ )n)) for Gauss-Seidel. 

(i) Take a > 1 and b = (-l)n+l'. Then, for Gauss-Seidel, p(M) = 0, while for 
Jacobi, p(M) _ 1. The last inequality follows from the fact that the absolute value 
of the product of the roots of (3) is equal to a > 1, and consequently, there is at 
least one eigenvalue, i, with IA _ 1. 

(ii) Take a = <;-1)f+1 and b = (-1)n. Then, for Gauss-Seidel p(M) = 1. 
Equation (3) becomes A, + VA-2 + a = 0. We will use Rouche's theorem to show 
that all roots of this equation lie within the unit circle. 
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Let f(A) = A' + i and g(A) = 2A-2. Since f(A) has n zeroes within the unit 
circle, we would like to show that f(Z) andf(A) + g(A) have the same number of zeroes 
in this domain. To do this, let 3 > 0 and define C8 to be the boundary of the region 

{A IA Il-< 11u {AI 1+ I < 61. 

For each 3 > 0, on C8 we have If(A) I > I g(A) I and hence f(A) and f(A) + g(A) 
have the same number of zeroes within C8. Moreover, A = -1 is not a zero of 
f(A) + g(A). Consequently, f(A) and f(A) + g(A) have the same number of zeroes 
within the unit circle, as desired. 

DEFINITION. The (asymptotic) r ate of convergence, R, of a convergent iteration 
.scheme of theform (2') is given by R = -log1o(p(M)), if p(M) # 0. If p(M) = 0, 
R = 'so. 

Notice that the smaller the spectral radius, the greater the value of R. This will 
result in faster convergence. 

THEOREM 4. Let R1 and R2 denote the respective rates of convergence of the 
Jacobi and Gauss-Seidel schemes. Assume that both schemes converge. Then: 

(i) if n = 2, then R1 < R2; 
(ii) if n > 2, then R1 may be less than, equal to, or greater than R2. 

Proof. (i) An inspection of the expressions for p(M) in the proof of Theorem 2 
shows this to be the case. 

(ii) Let A be as in the proof of Theorem 3. 
If b = 0 and O < a < 1, then R1 < R2. 
If a = 0, then R1 = R2 = 00 

Finally, as we have seen in the proof of Theorem 3, when a = 2(-1) nl and 
b = (- l)", for Jacobi iteration p(M) _ Pj < 1, while for Gauss-Seidel iteration 
p(M) PG = 1. Since the roots of an equation are continuous functions of the 
coefficients, fixing b = (-1)' , there is a value of a with I a |<, for which p , < PG < 1. 
In this case R1 > R2 

At several points in this note, we have obtained p(M) = 0, and consequently 
R = oo. The following theorem points out the significance of this value of R: 

THEOREM 5. In the iteration scheme (2'), suppose p(M) = 0. Then, x(k) = X 

for all k > n, where x is the solution of (1'). 

Proof. Let e(k) = X(k) - x. Then, e (k) satisfies e(k) = Mke (0) Since p(M) = 0, 
M is similar to a strictly upper triangular matrix, U. (That is, uij = 0 if i _ j.) 
Hence, Uk = 0 for all k > n. But, Mk = P-lUkP for some nonsingular matrix P, 
and hence Mk = 0 for all k _ n. This gives e(k) =X(k) - X= 0 for all k > n, as 
desired. 

It should be noted in closing that in many cases of practical interest, the Gauss- 
Seidel method is better than the Jacobi one. For a detailed discussion of this aspect 
see Varga [3, chapter 3]. 
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A GENERALIZATION OF KRASNOSELSKI'S THEOREM 
ON THE REAL LINE 

BRUCE P. HILLAM, California State Polytechnic University 

Recently Bailey [1] gave a proof of Krasnoselski's Theorem [2] restricted to 
to the real line. Krasnoselski's Theorem is the following result: 

THEOREM 1. If K is a convex, bounded subset of a uniformly convex Banach 
space and if f is a mapping of K into a compact subset of K such that ||f(x)-f (y) || 
? |x-y |, then the sequence obtained by choosing x1 in K and defining 
n+1 = 4;[Xn +f(Xn)] converges to some z in K and f(z) = z. 

Bailey gave a proof for the case in which K is a closed interval of the real line. 
Bailey's result is 

THEOREM 2. If f takes [a, b] into itself and If (x) -f (y) I I x-y |, then the 
sequence obtained by choosing x1 in [a, b] and defining x,+1 = ijxn+f(x,)] 
converges to sonme z in [a, b] and f(z) = z. 

Recall that a function f: [a, b] -* [a, b] satisfies a Lipschitz condition with con- 
stant L if for all x and yin [a, b], J f(x)-f(y) | < LI x-y l. A function that satisfies 
a Lipschitz condition is clearly continuous. Finally, a sequence {x,J is said to con- 
verge monotonically if either xn < xn+1 or xn _ xn+1 for all integers n. 

Using the fact that the real line is totally ordered, the following more general 
theorem with a much more elementary proof is possible. Clearly Theorem 2 follows 
directly from Theorem 3. 

THEOREM 3. Let f: [a, b] -+ [a, b] be a function that satisfies a Lipschitz 
condition with constant L. Let x1 in [a, b] be arbitrary and define Xi+ 1 = (1 - )Xn 
+ ,Zf(xn) where A = 1/(L+ 1). If {Xn} denotes the resulting sequence, then {xn} 
converges monotonically to a point z in [a, b] where f (z) - _ . 

Proof. Without loss of generality we can assume f (Xn) 7 Xn for all n. Suppose 
f(x1) > x1 and let p be the first point greater than x1 such that f (p) = p. Since 
f(x1) > x1 and f(b) ? b, the continuity off implies there is such a point. 

Claim. If X1 < X2 < ... < Xn < p and f(xi) > xi for i = 1,2, *,n, then f(xn 1) 
>Xn,,l and xn,l < p. Suppose p < xn+l, then xn < p < xn+1 thus 0 < p- xn 

n- = )X(f(xAn) -x,j). Hence it follows 
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A GENERALIZATION OF KRASNOSELSKI'S THEOREM 
ON THE REAL LINE 

BRUCE P. HILLAM, California State Polytechnic University 

Recently Bailey [1] gave a proof of Krasnoselski's Theorem [2] restricted to 
to the real line. Krasnoselski's Theorem is the following result: 

THEOREM 1. If K is a convex, bounded subset of a uniformly convex Banach 
space and if f is a mapping of K into a compact subset of K such that ||f(x)-f (y) || 
? |x-y |, then the sequence obtained by choosing x1 in K and defining 
n+1 = 4;[Xn +f(Xn)] converges to some z in K and f(z) = z. 

Bailey gave a proof for the case in which K is a closed interval of the real line. 
Bailey's result is 

THEOREM 2. If f takes [a, b] into itself and If (x) -f (y) I I x-y |, then the 
sequence obtained by choosing x1 in [a, b] and defining x,+1 = ijxn+f(x,)] 
converges to sonme z in [a, b] and f(z) = z. 

Recall that a function f: [a, b] -* [a, b] satisfies a Lipschitz condition with con- 
stant L if for all x and yin [a, b], J f(x)-f(y) | < LI x-y l. A function that satisfies 
a Lipschitz condition is clearly continuous. Finally, a sequence {x,J is said to con- 
verge monotonically if either xn < xn+1 or xn _ xn+1 for all integers n. 

Using the fact that the real line is totally ordered, the following more general 
theorem with a much more elementary proof is possible. Clearly Theorem 2 follows 
directly from Theorem 3. 

THEOREM 3. Let f: [a, b] -+ [a, b] be a function that satisfies a Lipschitz 
condition with constant L. Let x1 in [a, b] be arbitrary and define Xi+ 1 = (1 - )Xn 
+ ,Zf(xn) where A = 1/(L+ 1). If {Xn} denotes the resulting sequence, then {xn} 
converges monotonically to a point z in [a, b] where f (z) - _ . 

Proof. Without loss of generality we can assume f (Xn) 7 Xn for all n. Suppose 
f(x1) > x1 and let p be the first point greater than x1 such that f (p) = p. Since 
f(x1) > x1 and f(b) ? b, the continuity off implies there is such a point. 

Claim. If X1 < X2 < ... < Xn < p and f(xi) > xi for i = 1,2, *,n, then f(xn 1) 
>Xn,,l and xn,l < p. Suppose p < xn+l, then xn < p < xn+1 thus 0 < p- xn 

n- = )X(f(xAn) -x,j). Hence it follows 
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O < ,xn-P I= (L+ ?)Ixn-PI < If(xn)-xXn 
A 

< |lf (x,)-f (P) |+ |P Xn l 
or 

L |x,- p| < If(xJ)-f(P)j, 

which is a contradiction of the fact that f satisfies a Lipschitz condition. Thus 
xn+1 < p and f(X,,+1)> Xn+1 by the choice of p, and the claim is proved. 

Using the induction hypothesis it follows that xn < xn+1 < p for all integers n. 
Since a bounded monotonic sequence converges, {xn} converges to some point z. 
By the triangle inequality it follows that 

I z - ?f(z) I < I X,j + x xi? -f (x,) I + | f(x,) - f(Z) 

z - X I + i | , j+ 1 X I + I f(X,?) -.f(z) I 

Clearly the right hand side tends to 0 as n -*oo . Thus f(z) = z. If f(x1) < xl a 
similar argument holds; q.e.d. 

Using a somewhat more sophisticated argument, one can allow i to be any 
number less than 2/(L+ 1) but the resulting sequence {xn} need not converge mono- 
tonically. The following example shows this last result is best possible. 

Let f : [0, 1] -+ [0, 1] be defined by 

L-1 Fl, O?x< 2L 

f(x)= X _Lx + _(L+ 1) L < x <-L_ 2 2L 2L 

lo, <-L- x < 1, 

where L> I is arbitrary. Note f satisfies a Lipschitz condition with constant L. 
Let /v-2/(L + 1) and let x1 = (L- 1)/2L. Then x2 = (1-X)x1 + 4f(x1) = (L + 1)/2L, 
X3 = (1- )X2 + 4(X2) = (L - 1)/2L, etc. 

Theorem 3 appears to be new even for the real line. It would be very interesting 
if it could be extended to higher dimensions, but this would require a new proof 
that does not rely on the total ordering of the space. 
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ON ALMOST RELATIVELY PRIME INTEGERS 

ALAN H. STEIN, University of Connecticut 

The probability that two integers are relatively prime is 1/C(2), where C is the 
Riemann Zeta Function and C(2) = '2/6. One might then ask about the probability 
that two integers are "almost" relatively prime in some sense. More precisely, 
given a set P, what is the probability that the greatest common divisor of two in- 
tegers is in P? It will be shown that this probability is that proportion of C(2) con- 
tributed by integers in P. 

THEOREM 1. Let P be a set of positive integers, let C(P) = (X,1 p1/n2)/C(2) 
and let P(x) = the number of pairs of positive integers both less than or equal 
to x whose greatest common divisor is in P. Then 

(1) P(x) = C(P)x2 + O(xlog2x). 

To prove this we will need the special case P = Po = {1}, where we can obtain 
a stronger result: 

(2) LEMMA. P0(x) = 1/C(2)x2 + O(x log x) . 

Notation. The following notation will be used: 
(3) v(n) = the number of distinct prime divisors of n. 
(4) ,(n) = the Mobius function. 
(5) (m, n) = the greatest common divisor of m and n. 
(6) [x] = the greatest integer less than or equal to x. 

Proof of the Lemma. 

(7) PO(x)= E Y 1 = E E Y, Y (d) 
m<x n?x in_x n_x d1(m,n) 

(inln) =1 

- z X /p(d)[x/d] = S (x , p(d)Id + O( 1)) 
m<x dlm m<x dlm din 

= x: Y, E;,(d)/d + Of Y, xld) 
m<x dlrn d?x 

= x E (,u(d)/d)[x/d] + O(xlogx). 
d<x 

Since 

(8) X (y(d)/d) [x/d] = x I ji(d)/d2 + O(logx) = x/C(2) + O(logx), 
d<x d<x 

this yields (2). 

Proof of Theorem 1. The key observation is that 

(9) P(x) = z P0(x/d). 
d eP 
d1x 
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This is true because if (m, in) e P then m = m'(m, n), n = n'(m, n) with (m', n') 
= 1 e Po. We can thus bootstrap our way up from the case of relatively prime 
integers. The lemma combined with (9) yields 

(10) P(x) = E (x/d)2/C(2) + o( (xld)log(x/d)). 
d c-P de-P 
d<x d<x 

The first term is 

(11) (X2/4(2)) E l/d2 = (x2/C(2))( l/d2 + O(l/x)) = C(P)x2 + O(x). 
d eP d eP 
d?x 

The second term is 

(12) 0 (x log x Y ld) = O(x log2 x). 
d c-P 
d?x 

Putting (10), (11) and (12) together yields (1). Q.E.D. 
For certain sets P, far better errors can be obtained. For example, if P is finite 

then -d P,d<x lId = 0(1) so the error is O(xlogx). Among infinite P, consider 
Pe= {d: d is a positive integer and v(d) = e} for some positive integer e. In this 
case, Theorem 427 of [1] yields 

(13) E I/ (d /d)= 0(loge log x) 
d c-Pe v(d) =I 
d <?x d<x 

so the error shrinks to O(x(log x) (log log X)e). 

This problem may also be tackled using analytic methods by considering the 
generating function 1(m,n) Pl/(msnt). Surprisingly, however, the best errors the 
author has been able to obtain using analytic methods have been much larger than 
the ones obtained very easily using elementary methods. 
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A GROUP THEORETIC PRESENTATION OF THE 
ALTERNATING GROUP ON FIVE SYMBOLS, A5 

EUGENE SCHENKMAN, Purdue University 

Let G = <a, b a5 = 1 = b2 = (ab)3>. This means that G-is the group generated 
by elements a, b subject to the relations to the right of the vertical bar. An expression 
for G in this form is called an abstract definition or presentation of G. Every group 
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= 1 e Po. We can thus bootstrap our way up from the case of relatively prime 
integers. The lemma combined with (9) yields 

(10) P(x) = E (x/d)2/C(2) + o( (xld)log(x/d)). 
d c-P de-P 
d<x d<x 

The first term is 

(11) (X2/4(2)) E l/d2 = (x2/C(2))( l/d2 + O(l/x)) = C(P)x2 + O(x). 
d eP d eP 
d?x 

The second term is 

(12) 0 (x log x Y ld) = O(x log2 x). 
d c-P 
d?x 

Putting (10), (11) and (12) together yields (1). Q.E.D. 
For certain sets P, far better errors can be obtained. For example, if P is finite 

then -d P,d<x lId = 0(1) so the error is O(xlogx). Among infinite P, consider 
Pe= {d: d is a positive integer and v(d) = e} for some positive integer e. In this 
case, Theorem 427 of [1] yields 

(13) E I/ (d /d)= 0(loge log x) 
d c-Pe v(d) =I 
d <?x d<x 

so the error shrinks to O(x(log x) (log log X)e). 

This problem may also be tackled using analytic methods by considering the 
generating function 1(m,n) Pl/(msnt). Surprisingly, however, the best errors the 
author has been able to obtain using analytic methods have been much larger than 
the ones obtained very easily using elementary methods. 
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Let G = <a, b a5 = 1 = b2 = (ab)3>. This means that G-is the group generated 
by elements a, b subject to the relations to the right of the vertical bar. An expression 
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has a presentation, actually many presentations, and two groups are isomorphic 
if they have identical presentations. Also two finite groups are isomorphic if one is 
a homomorphic image of the other and their orders are identical. Our object is to 
show that G is isomorphic to the alternating group A5 and also to the group of two 
by two matrices over the finite prime field Zp modulo + (1 '). 

We begin by observing that in A5 if we consider A= (12345) of order 5 and 
B = (12) (34) of order 2, then AB = (245) has order 3. Thus A5 satisfies the de- 
fining relations of G and hence A5 is a homomorphic image of G since A, B generate 
A5. The latter follows from the fact that H = <A, B> contains subgroups of orders 
5(K = <A>), 3(L= <AB>) and 4(M = <BA2BA3BA2, B>) which implies that H 
has to have order at least 60. We also note that if a- = (1 1) and f=(4 ') then 
, ,B, oc,f have orders 5, 2 and 3 respectively. Since a and ,B generate the group of two 
by two matrices over Z5 modulo ? (' ?), this group also satisfies the defining 
relations of G and hence is also a homomorphic image of G. 

If we prove that G has at most sixty elements we can conclude (since A5 and the 
above matrix group have exactly sixty elements) that G has exactly sixty elements 
and is therefore isomorphic to the above groups. We prove that G has at most 
sixty elements as follows. 

Let d = ab, the conjugate of a by b. Then d = bab has order 5 (being a con- 
jugate of a) and dad = b has order 2. Consequently bd = ad2 has order 2 and 
ad2ad2 = 1 or d2ad2 = a-'. Then ad2 = d3ad2 = da l and (daI-)b = db(a-1)b 

- ad-' since ab = d and d = a. Thus conjugation by b inverts da1 = ad. It 
follows that a is inverted when conjugated by d2bd3 = ba2ba3b (an element of order 
2 since it is a conjugate of b). So a and ba2ba3b generate a dihedral group any of 
whose elements not a power of a have order 2. In particular h - ba2ba3ba2 has order 2 
and inverts a. 

Consider now a3d2a3'- a3ba2ba3. Since (ad2)2 = I and a5 = 1, a3d2a3a3d2a3 
= 1. Hence a3ba2ba3 has order 2 and is equal to its inverse a2ba3ba2. Since h, b 
and bh have order 2, h and b generate a four-group and h commutes with b. 

We now consider the set S of elements a', a'h, a'bai, a'hba3 for i,j 0, 1, 2, 3,4. 
There are at most sixty such elements. We shall show that Sa 5 S and Sb s S 
and hence that G c S since G is generated by a and b. By the form of the elements 
of S and the fact that aha h (from h'lah = a'1 and h = h-1), it is clear that 
Sa 5 S. To show that Sb s S the only problems come from elements of the form 
a 'baJb and a'hba1b. First we show that baib E S. Since (ab)3 = 1, bab = a -lba1 

a4ba4eS and ba1b = ba4b = abaeS. Since h2 = 1, h = h -=a3ba2ba3b 
from which it follows that ba2b a2hba2 e S. From h - ba2ba3ba2, it follows 
that ba3b = a3bha3 = a3hba3 ES. So we have baJb ES. Hence a1bajb ES since 
clearly aiS s S. Similarly we have a'hbajb e S since aihS ? S. The latter follows 
from the facts that, hb = bh, h = h-1, ha' = a-'h and hazh = a-. Consequently 
Sb 5 S and so we have G c S. Hence we have shown that G has at most sixty 
elements. 

The author is indebted to Johnny L. Houston for help in rewriting the final draft. 
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ON THE NUMBER OF SUBGROUPS OF INDEX TWO- 

AN APPLICATION OF GOURSAT'S THEOREM FOR GROUPS 

R. R. CRAWFORD and K. D. WALLACE, Western Kentucky University 

Bruckheimer, Bryan, and Muir [1] studied groups that could be expressed as 
the union of three proper subgroups ("3-groups") and thereby provided a paper 
delightfully appropriate and accessible to the student enrolled in an introductory 
course in group theory. The characterization obtained in [1] for 3-groups was: A 
group G is a 3-group if and only if there exists a homomorphism from G onto the 
Klein Four Group. The following observations are easy consequences of this char- 
acterization: 

(1) G is a 3-group if and only if G contains more than one subgroup of index two. 
(2) If A and B are distinct subgroups of index two in the group G then there 

exists a unique proper subgroup C of G such that G = A U Bu C. Moreover 
C = (A n B) u (G-(A U B)) and C has index two in G. 

Let I2(G) denote the number of distinct subgroups of index two in the group G. 
The above observations show that the subgroups of index two of a group G for 
which I2(G) > 1 and I2(G) is finite form a Steiner triple system and consequently 
that I2(G) is congruent to either 1 or 3 modulo 6. 

The purpose of this note is to provide an elementary application of Goursat's 
Theorem for Groups in determining which nonnegative integers occur as the number, 
I2(G), of distinct subgroups of index two in some group G. It should be noted 
that this application of Goursat's Theorem can easily be modified to resolve the 
analogous problem for normal subgroups of prime index p. 

The following lemma allows us to restrict consideration to finite Abelian groups 
and hence provides a significant reduction to the problem. 

LEMMA 1. Let G be a group such that I2(G) is finite. Then there exists a finite 
Abelian group A having order a power of two such that I2(G) = I2(A).. 

Proof. Let H1 , Hn be the distinct subgroups of index two in G and let 
H = H1 ... OH. Since each Hi is normal in G and contains the commutator 
subgroup of G, H enjoys these same properties. Thus G/H is Abelian and 

I G/H I = [G: H] = [G: H1 rl ... nHr] = 2n. Finally, the correspondence estab- 
lished by the fundamental theorem on group homomorphisms yields a bijection 
between the subgroups of index two in G/H and the subgroups of index two in G, 
so we may take A G/H. 

Since any finite Abelian group may be expressed as a direct product of cyclic 
groups, it is clear that a result giving a relationship between the subgroups of a 
product G x H and the subgroups of the factors G and H would be very useful. 
Goursat's Theorem provides precisely such a relationship. Although this theorem 
is well known (see Lambek [2]), it has perhaps been neglected by authors at an ele- 
mentary level. 
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THEOREM 2 (Goursat's Theorem for Groups). Let G and H be groups. Then 
there is a bijection between the set S of all subgroups of G x H and the set T of all 
5-tuples (A, B, C, D, f) where B AA _ G, DA C _ H, and f: A/B -+ CID is an 
isomorphism (here ? denotes subgroup and A denotes normal subgroup). 

Proof. We content ourselves with defining the bijection and its inverse, leaving 
the details of the verification, which are all routine, to the reader. Given a subgroup 
K G x H, welet 

AK = {geGI(g,h)eK for some heH}, 

BK = {geG|(g,1)eK}, 

CK = {heH|(g,heKforsomegeG}, 

DK = {heH|(1,h)eK}, 

and define K: AK/BK -+ CK/DK by fK(gBK) = hDK if (g, h) E K. Then we may obtain 
a map 0: S -+ T by setting 0(K) = (AK, BK, CK, DK,fK). Finally, define : T -S 
by F(A B, C, D,f)- {(g, h) E A x C |f(gB) = hD}. 

We retain the notation of Theorem 2 for the remainder of the paper. 

COROLLARY 3. Let G and H befinite groups. Then |AKI * JDKII= |K| = |BKI * |CKI. 

Proof. Given any g E AK and h E CK, we have (g, h) E K if and only if fK(gBK) 
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we have | K | = | AK | | DK J. The second equality follows by symmetry. 

COROLLARY 4. Let G and H be finite groups. Then [G: AK] * [H: DK] 
= [G x H: K] = [G: BK] * [H: CK] 

COROLLARY 5. Let G and H be finite groups. Then I2(G x H) = 12(G) + 12(H) 
+ I2(G)I2(H). 

Proof. By Corollary 4, K has index two in G x H if and only if 
[G: AK] * [H: DK] = 2 = [G: BK] * [H: CK]. Note that the factor groups AK/BK 
and CK/DK must have order either 1 or 2 and consequently there is a unique iso- 
morphism f: AK/BK CK/DK. We are thus led to consideration of the following 
three cases: 

Case (I) [G: AK] = 2 and [AK: BK] = 1. In this case CK = DK = H. There 
being 12(G) choices for AK, we obtain I2(G) distinct 5-tuples (AK,AK,H,H,f) and 
consequently I2(G) distinct subgroups of index two in G x H. 

Case (II) [G: AK] = 1 and [AK: BK] = 1. It follows that CK = DK is a subgroup 
of index two in H and I2(H) subgroups of index two in G x H are obtained. 

Case (III) [G:AK] = 1 and [AK:BK] = 2. In this case [CK:DK] = 2 and 
CK = H. Consequently, there are I2(G) choices for BK, I2(H) choices for DK, and 
hence I2(G)12(H) subgroups of index two in G x H determined by this case. 
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Since each cyclic group of even order contains a unique subgroup of index two, 
we have: 

COROLLARY 6. Let n be a nonnegative integer and G the direct product of n cyclic 
groups each of even order. Then I2(G) = 2n- 1. 

Combining Lemma 1 and Corollary 6, we obtain: 

THEOREM 7. Let n be a nonnegative integer. There exists a group G such that 
I2(G) = n if and only if n = 2- - 1 for some nonnegative integer k. 

Remarks. For p a prime, let Np(G) denote the number of distinct normal sub- 
groups of G having index p. Apparent modifications in the preceding develop- 
ment yield: 

(1) Np(G x H) = NP(G) + NP(H) + (p - 1)Np(G)Np(H); and (2) if Np(G) is 
finite, then Np(G) = (pk - l)/(p -1) for some nonnegative integer k. 

References 
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Amer. Math. Monthly, 77 (1970) 52-57. 
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ON THE REPRESENTATION OF A POSSIBLE SOLUTION 
SET OF FERMAT'S LAST THEOREM 

CHARLES J. MIFSUD, The Mitre Corporation 

Introduction. It is my intention in this article to report a rather interesting fact 
about the solution of 

(1) an + bn = c'3 

which might have a special appeal to readers of this journal. The presentation does 
not represent any advance or improvement in the status of the solution of Fermat's 
Last Theorem. 

Instead of concentrating our attention on proving that for certain values of n 
equation (1) is impossible, as has been done in past research, we will direct our at- 
tention to the possible range of values of the number triplet (a, b, c) that might 
satisfy (1). Thus, a computer programmer planning to make a test of a particular 
triplet for a given value of n would be concerned with determining the maximum 
number of digits of each member of the triplet. Thus, if c is a 10 digit number and 
n = 100, then the programmer must have at his disposal a multiple-precision package 
of order 100 which can operate on 1000 digit operands. The facts to be unfolded 
here are quite easy to understand, and all information needed in the analysis is self- 
contained. 

We will determine a lower bound for the number of digits required to represent 
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at least one member of the number triplet that might satisfy (1) since this will dictate 
the minimum precision requirements. 

Necessary background. Our analysis is based on the following three Lemmas: 

LEMMA 1. First we note that any two members of (1) are relatively prime 
since if any two had a factor in common then this factor would also divide the 
third member. Thus, a factor common to all three members could be removed 
without affecting equality (1). 

LEMMA 2. We next note that if (1) holds, one of the number triplets must be 
even. If more than one was even, then Lemma 1 which states that any two are rel- 
atively prime would be contradicted. All three members cannot be odd since the 
sum or difference of any two odd members is an even number, and hence, the third 
member must be even. 

LEMMA 3. If n is odd and if A and B are odd, then expressions 

(An + Bn)/(A + B) and (An - Bn)/(A-B) are odd. 

(An +Bn)I(A + B) = An- 1 +~An-2B + ... T ABn-2 + Bn-1. 

If A and B are odd, then the expression on the right contains an odd number 
of terms and can be represented as 

21+1 21+1 

z (2ki+ 1) = 2 k k++21+ 1, 
i=l i=l 

which is odd. 

Concluding Results. If we place the even term of (1) on one side and the remaining 
odd terms on the other side and then apply Lemma 3, one of the three equations 
below will follow: 

(2) c - b = 2'r, r > 19 

(3) c - a = 2's, s > 1 

(4) a+b = 2nt, t>1. 

We first observe that c > 2n in either equations (2) or (3). And from equation (4) 
we conclude that either a ? 2n1 or b ? 2n1 since if a < 2n1 and b < 2n1 then 
a + b < 2n contrary to (4). 

The results of equations (2), (3) and (4) are credited to Rowe [1]. 
As a result of this analysis we must conclude that one of the number triplets 

must be as great as 2n- 1 if n satisfies (1). Next we take note that it has been reported 
in [2] that equation (1) is impossible for values n < 25,000. Therefore, in order to 
test the validity of (1) with meaningful quantities, we must be able to manipulate 
numbers in the computer that lie in the range of (224,999)25o000 = 2624,975,000. 

If we assume 3.33 binary bits 1 decimaldigit in precision, then we must work 
with decimal numbers in the range of 10187,680o180. This means we must deal with 
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numbers having almost 188 million digits of precision. It is highly unlikely that a 
solution set of Fermat's Last Theorem will ever be discovered with the use of a com- 
puter with such huge number representations (storage) and with such high order 
precision (computer time) required before adequate testing can be performed. 

References 

1. Abstract, Bull. Amer. Math. Soc., 20 (1913) 68-69. 
2. Selfridge and Pollock, Notices Amer. Math. Soc., January 1964, p. 97. 

NOTE ON NON-EUCLIDEAN PRINCIPAL IDEAL DOMAINS 

KENNETH S. WILLIAMS, Carleton University, Ottawa 

It is well known that every Euclidean domain is a principal ideal domain. In [4] 
Wilson's object is to show, in a manner accessible to students in an undergraduate 
algebra class, that the ring of integers of the field Q(l - 19) is a principal ideal 
domain which is not Euclidean. The proof that it is a principal ideal domain 
is based on a theorem of Dedekind and Hasse and the proof that it is not 
Euclidean is based upon the work of Motzkin [2]. However, as much of what 
Wilson does in the latter proof is unnecessary for the required purpose, it is our 
purpose to give a simpler treatment. 

If D is an integral domain, we let D1 denote the collection of units of D together 
with 0, so that D- D- = 0 if and only if D is a field. An element u E D -D is called 
a universal side divisor if for any x E D there exists some z E D such that u Ix - Z. 

THEOREM. Let D be an integral domain which is not a field (so that D -D D 0) 
and which has no universal side divisors. Then D is not Euclidean. 

Proof. Suppose that D is a Euclidean domain, with Euclidean function d, which 
has no universal side divisors. Consider the nonempty subset S = {d(v): v e D -1D} 
of the nonnegative integers. It possesses a least element, say d(u), u e D -B. For 
any x E D there exists y, z E D such that x = uy + z, where either (i) z = 0 or (ii) 
z # 0 and d(z) < d(u). If (i) holds then u x. If (ii) holds, by the minimality of 
d(u), z must be a unit. Thus in both cases u x - z for some zED, and so u is a uni- 
versal side divisor which is impossible. 

COROLLARY. The rings of integers of Q( l- 19), Q(1-43), Q( 67), Q(1 - 163) 
are not Euclidean. 

Proof. Let D = 19, 43, 67 or 163 and suppose that the ring 

R = {a + b(1 + V-D)/2: a, b integers} 

of integers of Q(1-D) contains a universal side divisor u. As the only units of 
R are + 1, u must be a nonunit divisor of 2 or 3. In R, 2 and 3 are irreducible 
and therefore the only possible universal side divisors are 2, -2, 3, and -3. 
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However, none of these divides any of the integers 

- ( I+ -D), .1(3 + -D of1+ -D)~ 
so that no such universal side divisor u can exist. Hence by the theorem, R is not 
Euclidean. 

Recently Stark [3] has shown that the only complex quadratic fields Q(1 -D) 
whose rings of integers are principal ideal domains are given by D = 1, 2, 3, 7, 
11, 19, 43, 67, 163 and since it is well known [1] that the first five of these are Euclid- 
ean (with respect to the norm), the above corollary gives all the complex quadratic 
fields whose rings of integers are non-Euclidean principal ideal domains. 

References 

1. G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, 4th ed., Oxford, 
New York, 1962, Theorem 246, p. 213. 

2. Th. Motzkin, The Euclidean algorithm, Bull. Amer. Math. Soc., 55 (1949) 1142-1146. 
3. H. M. Stark, A complete determination of the complex quadratic fields of class-number one, 

Michigan Math. J., 14 (1967) 1-27. 
4. J. C. Wilson, A principal ideal ring that is not a Euclidean ring, this MAGAZINE, 46 (1973) 

34-38. 

NOTES AND COMMENTS 

David Kullman notes that the article 5-con triangles by Richard G. Pawley in 
the Mathematics Teacher, May 1967, vol. 60, pp. 438-443, includes results equiv- 
alent to several of those in the article Almost congruent triangles by Bruce B. 
Peterson in our September 1974 issue. 

From Aaron R. Todd regarding Almost congruent triangles, this MAGAZINE, 
vol. 47, Sept. 1974, No. 4 by Robert T. Jones and Bruce Peterson: The authors 
should mention their use of continuity in at least one of the several places they need 
the concept, especially as they ban it so forcibly in their proof of the existence of 
almost congruent triangles. For that matter, a principle of continuity such as the 
following is useful in filling a gap in traditional constructions of triangles: If a point 
on the arc of a circle lies on one side of a straight line and another point of the 
arc lies on the other side of the line, then there is a point of the arc lying on the 
line. 

Comment by Graham Lord, Temple University, Philadelphia, Pa. on A note 
on Mersenne numbers by Steve Ligh and Larry Neal, this MAGAZINE, vol. 47, Sep- 
tember 1974, No. 4, pp. 231-233. Theorem 1 of the note is just a special case of the 
result: If n is a natural number > 1, then 2' - 1 is not the mth power of a natural 
number m > 1. This result is quoted in Elementary theory of numbers by W. 
Sierpinski who gives as a reference C. G. Gerono, Nouv. Ann. Math. (2) 9(1870) 
pp. 469-471, 10 (1871) pp. 204-206. 
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From E. T. Steller: Zalman Usiskin in his article in this MAGAZINE, 46 (1973) 
pages 203-208 suggests at the end "possible explorations," the second one of which 
reads: "Do the perfect nth power patterns hold for the standard generalizations of 
the Pascal triangle?" 

It seems to me that the answer to this question must be negative for the following 
reason: 

Looking at the first appearance of a prime number p in the Pascal triangle it is 
obvious that this happens in the pth line, second column and that all elements of 
this line except the first and last have p as a factor. Furthermore p is a factor of all 
elements in the following line excepting of course the first two and the last two. 
Looking at line no. (p + 2) all elements except six have p as a factor. This of course 
follows immediately from the relation 

(1) ( k+) + 

If I may be so bold I would like to suggest a change in the notation (k) for the 
coefficient of xk in the expansion of (1 + x)'1, so that it can be used in the expansion 
of (1 + x + x2 + . + x)n as well. The change is the addition of a subscript indica- 
ting the number of terms in the polynomial. 

Equation (1) would then be written 

(la) (uik))2 (k-1)2 (~ k)2 J2o (k-j)2 

In general we would have 

(2)(k)= (k ) 

The first lines of Pascal's triangle for I = 2,3,4 are as follows: 

1-2 1=3 

1 1 1 1 
1 2 1 1 2 3 2 1 
1 3 3 1 1 3 6 7 6 3 1 
1 4 6 4 1 1 4 10 16 19 16 10 4 1 
1 5 10 10 5 1 1 5 15 30 45 51 45 30 15 5 1 

1 = 4 

11 1 1 
1 2 3 4 3 2 1 
1 3 6 10 12 12 10 6 3 1 
1 4 10 20 31 40 44 40 31 20 10 4 1 
1 5 15 35 65 101 135 155 155 135 101 65 35 15 5 1 

This content downloaded from 128.235.251.160 on Tue, 24 Mar 2015 21:16:47 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


1975] BOOK REVIEWS 179 

Now looking at the generalization with I = 3, we find that 7 already appears 
in line 3, 19 in line 4. But because we do not have relation (1), 7 appears only once 
in that line and of course not at all in the next line and only 4 times in line 6. 

Again the generalization with I = 4 produces 31 in the fourth line and 101 in the 
fifth line. So it would seem that to even find one perfect square pattern, the pattern 
must span many more than three lines, but doing this increases the likelihood of 
finding larger and unmatched primes in the lower lines. 

Perhaps it is defeatist to consider "Exploration 2" closed, but because of equa- 
tion (2) and its implications I do not hold out much hope for a simple and general 
nth power pattern even for n = 2. 

BOOK REVIEWS 

EDITED BY ADA PELUSO AND WILLIAM WOOTON 

Materials intended for review should be sent to: Professor Ada Peluso, Department of] 
Mathematics, Hunter College of CUNY, 695 Park Avenue, New York, New York 10021, 
or to Professor William Wooton, 1495 La Linda Drive, Lake San Marcos, California 92069. 
A boldface capital C in the margin indicates that a review is based in part on classroom use. 

Discrete Mathematical Structures and Their Applications. By Harold S. Stone. 
Science Research Associates, Inc., Chicago, 1973. 387 + xii pp. $11.95. 

This book is a well-written introduction to the parts of mathematics frequently 
needed by students in computer engineering and rarely found together in one course. 
The chapters cover elementary material on sets, relations and functions, groups, 
Polya's theory of counting, coding theory, semigroups, finite state machines, rings 
and fields, linear finite state machines, and switching functions. The book contains 
good exercises, a good bibliography, and a complete index and index of notation. 
The material is nicely presented and, in addition to the technical details, the history 
and applications of the material are discussed. 

The author could have made the book more versatile by including material appli- 
cable to the needs of mathematically oriented computer science (as opposed to com- 
puter engineering) students. In particular, material on graphs, recurrence relations 
and growth rates, generating functions, permutations and combinations, comput- 
ability, and self-reproduction of machines would be more relevant than the material 
on semigroups, rings, fields, etc. 

E. M. REINGOLD, University of Illinois at Urbana-Champaign 
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Polya's theory of counting, coding theory, semigroups, finite state machines, rings 
and fields, linear finite state machines, and switching functions. The book contains 
good exercises, a good bibliography, and a complete index and index of notation. 
The material is nicely presented and, in addition to the technical details, the history 
and applications of the material are discussed. 

The author could have made the book more versatile by including material appli- 
cable to the needs of mathematically oriented computer science (as opposed to com- 
puter engineering) students. In particular, material on graphs, recurrence relations 
and growth rates, generating functions, permutations and combinations, comput- 
ability, and self-reproduction of machines would be more relevant than the material 
on semigroups, rings, fields, etc. 

E. M. REINGOLD, University of Illinois at Urbana-Champaign 
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PROBLEMS AND SOLUTIONS 

EDITED BY DAN EUSTICE, The Ohio State University 

ASSOCIATE EDITOR, J. S. FRAME, Michigan State University; Assistant Editors: DON BONAR, 
Denison University, WILLIAM MCWORTER, JR. and L. F. MEYERS, The Ohio State University 

Readers of this department are invited to submit jfr solution problems believed to be new that 
may arise in study, in research, or in extra-academic situations. Problems may be submittedfrom 
any branch of mathematics and ranging in subject content from that accessible to the talented 
high school student to problems challenging to the professional mathematician. Proposals should 
be accompanied by solutions, when available, and by any information that will assist the editor. 
Ordinarily, problems in well-known textbooks should not be submitted. 

The asterisk (*) will be placed by the problem number to indicate that the proposer did not 
supply a solution. Readers' solution are solicited for all problems. Proposers' solitions may not 
be "best possible" and solutions by others will be given preference. 

Send all communications for this department to Dan Eiistice, The Ohio State University, 
231 W. 18th Ave., Columbus, Ohio 43210. 

To be considered for publication, solutions should be mailed before December 1, 1975. 

PROPOSALS 

937. Proposed by Norman Schaumberger, Bronx Community College. 
Which is greater: es or (ee 71e* 71)1/3? 

938. Proposed by S. C. Geller and W. C. Waterhouse, Cornell University. 

Let Ian be an infinite series, and set sn = a1 + *.. + an. A familiar theorem of 
Abel says that if the an are positive and Ian diverges, then I(an/sn) also diverges. If 
we allow arbitrary signs, can we make lan diverge to + oo while 2(a"/s,,) converges? 

939. Proposed by Richard A. Gibbs, Fort Lewis College. 

Consider an n x n x n cube consisting of n3 unit cubes. Using only the unit 
cubes, determine, in terms of n: (1) the number of possible sizes of rectangular 
parallelepipeds "imbedded" in the cube, (2) the number of cubes of all sizes 
"imbedded" in the cube, and (3) the number of rectangular parallelepipeds of 
all sizes "imbedded" in the cube. 

940. Proposed by Edwin P. McCravy, Midlands Technical Education Center. 

To elaborate on an old problem of Dudeney [1], let us suppose a clock has minute 
and hour hands of the same length and indistinguishable. [Ignore the fact that on 
all clocks the hour hand is the one nearer the clock face.] Of the set of all instants 
in a 12-hour period, consider the partition: 

A = set of all instants when the clock reading would be ambiguous; 
B = set of all instants when the reading would not be ambiguous. 

Which, if either, of these sets is finite? 

1. H. E. Dudeney, 536 Puzzles and Curious Problems, edited by M. Gardner, Charles Scribner's 
Sons, New York, 1967, p. 14. 
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941. Proposed by Stanley Rabinowitz, Maynard, Mass. 

Show that each of the following expressions is equal to the nth Legendre poly- 
nomial. 

x I o ... -0 x 1 0 0 0. l 
1 3x 2 0 ..0 1 3x 1 0 01 

1 0 2 5x 3 ? 0 K 1 0 4 5x 1 0 
nI! 0 0 3 n!~J) 0 0 9 

|* * . }I-1i 

0 0 0 n-1 (2n-l)x |0 0 0 ...(n-1)2 (2n-l)x 

942. Proposed by M. S. Klamkin, University of Waterloo. 

Determine the maximum value of 

S= I XjX _ 7i j) 
l<icij_,n 1Xi 1 -~ Xj 

where xi-> 0 and x1 + X2 + + X,=1i 

943. Proposed by Charles W. Trigg, San Diego, California. 

Early in his reign as Emperor of the West, Charlemagne ordered a pentagonal 
fort to be built at a strategic point of his domain. As good luck charms, he had a 
third order magic square with all prime elements engraved on each wall. The five 
magic squares were different from each other, but they had the same magic con- 
stant-the year in which the fort was completed. The fort proved its ability to resist 
attack midway through his reign. 

On this evidence, reconstruct the magic squares. 

944. Proposed by Richard Johnsonbaugh, Chicago State University and R. 
Rangarajan, Tata Institute of Fundamental Research, independently. 

Compute the total number of distinct auctions in contract bridge. 

QUICKIES 

From time to time this department will publish problems which may be solved by laborious 
methods, but which with the proper insight may be disposed of with dispatch. Readers are urged 
to submit their favorite problems of this type, together with the elegant solution and the source, 
if known. 

Q620. Let S be the set of the first n positive integers, r be an integer and 
T = S u {r}. There exists an integer in T such that its removal results in a set in 
which the sum of its elements is divisible, by n. 

[Submitted by Sidney Penner] 
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Q621. Show that in a square pyramid with all edges equal, a dihedral angle formed 
by two triangular faces is twice a dihedral angle at the base. 

[Submitted by Charles W. Trigg] 

Q622. If G, F are integrable, a > 0, G(x) ? F(x) > 0, and foxF(x) dx = foxG(x) dx, 
show that f F(x) dx < [a G(x) dx. 

[Submitted by M. S. Klanikin.] 

Q623. It is known that the range of a nonconstant polynomial function with integral 
coefficients cannot consist wholly of primes. The range of the polynomial 2x -1, 
however, contains all the odd primes. Is there a polynomial of degree greater than 1 
whose range contains all the primes? 

[Submitted by Erwin Just and Norman Schaumberger] 

Q624. Think of a square matrix as placed on a checkered board, so that the leading 
diagonal consists entirely of white squares. Then if the signs of all the entries on 
black squares are changed the eigenvalues are unchanged. 

[Submitted by I. J. Good] 

(Answers on page 186) 

SOLUTIONS 

Irrational Sides 

901. [May, 1974] Proposed by Leon Bankoff, Los Angeles, Californlia. 

The sides of any triangle are rational (or integral) only if the ratio of the inradius 
to the circumradius is rational. Is the converse true? 

I. Solution by Vaclav Konecny, Kostelec-Stipa, Czechoslovakia. 

The converse is not true because in the equilateral triangle with any side (rational 
or irrational) the ratio of the inradius to the circumradius is 1/2. 

II. Solution by Michael Goldberg, Washington, D.C. 

The problem could have been stated as follows: If the sides a, b, c of a triangle 
have rational ratios, then the ratio of the inradius r to the circumradius R is rational. 
If K is the area of the triangle and s is its semiperimeter, then R = abc/K and 
r = K/s. From this, we obtain Rlr = 4K2/abcs. Since K2 = s(s - a) (s - b) (s -c), 
R/r = 4(s - a) (s - b) (s - c) and is rational. 

But, given the fact that R/r is rational, it does not follow that the ratios of the sides 
of the triangle are always rational. Consider the triangle ABC whose sides are 
3, 4, and 5. Then R = 5/2 and r = 1. Now construct the isosceles triangle EFG 
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with the same R and r. The distance d between the centers of the circles is given 
by d2 = R2 - 2rR. Then, (e/2)2 = R2 - (d-r)2 and f2 = (e/2)2 + (R-d + r)2. 

Substituting in the values of r and R, we find that elf = (30 + 1015)1/2/5, which 
is not rational. 

Also solved by Thomas E. Elsner, J. R. Hanna, Ann D. Holley, Joseph D. E. Konhauser, Dave 
Logothetti, F. G. Schmitt, Jr., Michael I. Shamos, E. P. Starke, Charles W. Trigg, Alan Wayne, 
and Kenneth M. Wilke. 

Antigens 

902. [May, 1974] Proposed by J. Michael McVoy and Anton Glaser, Pennsylvania 
State University. 

When only the two antigens A and B were known, there were four blood types, 
corresponding to the four subsets of these antigens. Now that antigen Rh has been 
brought to light, there are eight blood types. Emergency blood donations are subject 
to the rule that the donor's set of antigens must be a subset of the recipient's set of 
antigens. Thus any pair of blood types falls into one of three categories: (i) each 
owner may donate to the other, the two types being the same; (ii) only one owner 
may donate to the other; and (iii) neither owner may donate to the other. 

Let n be the number of antigens on which blood typing and above rule are based. 
Category (iii) has 0, 1, and 9 pairs for n = 1, 2, and 3 respectively. How many pairs 
are in (iii) for n = V 

Solution by R. A. Gibbs, For-t Lewis College. 

We want to find f(k), the number of pairs of subsets of a k-element set where 
neither member of the pair is a subset of the other. Choose a j-element subset of a 
k-element set. There are 2i- 1 proper subsets and 2k-i - 1 proper subsets of this 
set and therefore 2k - - 2k-i + 1 subsets which can be paired with the given 
set in the desired manner. Since there are (k) j-element subsets from which to select 
and since the ordering of the pair of subsets is immaterial, it follows. that 
f(k) = 2 V=0(1)(2 k-2j-2 i+ l), which is readily shown to be2 k1(2k + 1)-3 k. 

Also solved by Eric Brosius, Gerald Corrigan, Stephen C. Currier, Jr., Stanley C. Eisenstat & 
Michael I. Shamos, Thomas E. Elsner, Michael Goldberg, Martin Charles Golumbic, C. T. Haskell, 
N. J. Kuenzi, Kay P. Litchfield, Thomas C. Lomninac, Graham Lord, Joseph V. Michalowicz, Armand 
Orensztein, G. W. Valk, and the proposers. 

Unique Cryptarithm 

903. [May, 1974] Pr-oposed by Alan Wayne, Holiday, Florida. 

Solve the equation 

TWO x ZERO = NOTHING 
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in which each letter represents a denary digit, with different letters representing 
different digits, and such that GOO, ROO, TOO, WOO and ZOO are primes. Is the 
information about the primes essential for a unique solution? 

I. Solution by Thomas E. Elsner, General Motors Institute. 

The five required primes must end in 11, 33, 77, or 99. Direct investigation shows 
{T, W, Z, R} = {2, 5, 6, 8} since we must have 0 = 7 and hence G = 9. Elimi- 
nation yields the following solution: 

(867)(2057) = 1_783419. 

II. Independently, John Beidler, University of Scranton, Sidney Kravitz, 
Dover, N. J., and Kay P. Litchfield, Provo, Utah. 

The above used computers to show the solution above is unique without the 
restrictions to primes. 

Also solved by Joseph V. Michalowicz, Anne Marie Ross & Dale Woods, John M. Samoyolo, 
Kenneth M. Wilke, and the proposer. 

Tangent Lines to a Cubic 

905. [May, 1974] Pr-oposed by Marlow Sholander, Case Western Reserve 
University. 

Let F be the graph of y =f(x) = ax3 + bx2 + cx + d. Given only F, how 
does one construct through a point on F lines tangent to IF? 

Solution by the pr-oposer. 

We call DEF a trace of F if these three points are collinear and on F. We allow 
E and F to coincide and call DEE a trace if line DE is tangent to F at E. The follow- 
ing construction can readily be shown to be valid. 

Choose F on F and draw trace DEF. Construct M and N so that M is the mid- 
point of DE and NF . Construct similarly M' and N' collinear with a trace D'E'F. 
Then MM' and NN' are parallel to the y-axis. Let MM' and NN' meet F at G 
and H, respectively. The traces FGG and HFF are the tangents sought. 

The above construction fails when F is the point of inflection of F. Then F, 
M and N coincide. In this case, construct trace AFC parallel to the x-axis, and con- 
struct trace HCC as above. Construct line L parallel to the y-axis so that segment 
FC is divided in the ratio of 2 to 1. Then, with line Lmeeting HC at T, FTis tangent 
to F at F. 

Partial solutions by M. T. Bird, Ragnar Dybvik (Norway), and Michael Goldberg. 
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A Product 

906. [May, 1974] Proposed by Robert Guy, Framingham, Massachusetts. 

Prove that iJ, = 2[n/m]- f(m) = 1, where [ ] is the bracket function and 
>f(m) is the number of divisors of mn. 

Note. In the original statement above, the factor ->f(m) should be in the ex- 
ponent. 

Solution by M. G. Greening, The University of New South Wales. 

This is equivalent to proving that 

.. 

(i) E {2[n/m] - 2Xf(m)} log in 0. 

n n n 
? 2[n/m] log m = [nix] log x + S [n/y] logy 

mfl 1Xl 1 y = 1 

n [nlx] n [n/y] 
(ii) - X logx 1 + E logy Y 1 

x=1 I)= y=l y=l 

n 

(iii) = S z (log x + log y) 
in-1 xy = in 

n 
- logm ? 1 

m=1 djm 

n 
= , 2f(m) log m 

m=1 

which establishes (i). 
We can interpret (ii) geometrically as the sum of (logx + logy) over the lattice 

points (x, y) for which 0 < x < n, 0 < y < n, so that (iii) represents the summation 
over the subsets of lattice points lying on the hyperbolas xy = m. 

Also solved by Vaclav Konecny (Czechoslovakia), Graham Lord, Kumar Murty & Ram Murty, 
Bob Prielipp, and the proposer. 

Nowhere Continuous 

907. [May, 1974] Proposed by Warren Page, New York City Community College. 

The characteristic function of the rationals, although discontinuous at every 
point of the real line R, is equal almost everywhere to a continuous function on R. 
Is it possible to construct a function discontinuous at every point of R which is not 
equal almost everywhere to a measurable (Lebesgue) function? 
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Solution by M. B. Gregory, University of North Dakota. 

Since a function which is equal almost everywhere to a measurable function 
must itself be measurable [Royden, Real Analysis, 2nd edition, p. 68], the proposer 
requests a nonmeasurable, nowhere continuous function. The essential fact is that 
there exist discontinuous linear functions (functions such that f(x + y) = f(x) + f(y) 
for all real x and y). It is easy to show that such functions are nonmeasurable and 
nowhere continuous. See Hewitt and Stromberg, Real and Abstract Analysis, p. 
49, for a proof of the existence of discontinuous linear functions. 

Also solved by the proposer. 

ANSWERS 

A 620. Let w be the sum of the n + 1 elements of T. Since S constitutes a complete 
residue system mod n, there exists j e S such that w j mod n. Clearly T- {j} 
is a set with the desired property. 

Editor's comment. Note the generalization to T = S U R, where R is an arbitrary 
finite set of integers. 

A 621. Two such pyramids placed base to base form a regular octahedron in which 
all dihedral angles are equal. The plane of the bases bisects four of these dihedral 
angles. 

A 622. Since 
1 1 ~ ~ ~~~~a a 

faxF(x)dx = r F(x)dx x{G(x) - F(x)}dx = 
s 

{G(x)-F(x)}dx 

where 1 >? r > a and a > s > 0, we have that f F(x)dx ? fa {G(x) - F(x)} dx 
which is equivalent to the desired result. 

Remarks. The problem arose in showing that the time of vertical ascent of a 
particle subject to gravity and air resistance is less than the time of descent. One 
can give another proof by showing that the speed of ascent is greater than the speed 
of descent at corresponding heights. 

A 623. Iff is of degree >2, then it is easily shown that 1[1/f(i)] converges where 
summation extends over {i: f (i) =A O} . It is known, however, that the sum of the 
reciprocals of the primes is divergent. This contradiction requires that the answer 
to the question be given in the negative. 

A 624. If Ax = Ax, with x = (x1,x2, ...x"), then we must have A#x# = Ax*, 
where A# denotes the matrix A with the signs of the 'black squares' changed and 
X= (X1, -X2 .(_)n+lx). Thus the eigenvalues are the same. 

(Quickies on page 181) 
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 MAA STUDIES IN MATHEMATICS

 This series is intended to bring to the mathematical community expository

 articles at the collegiate and graduate level on recent developments in mathe-

 matics.

 These numbers are currently available:

 1. Studies in Modern Analysis, edited by R. C. Buck.

 2. Studies in Modern Algebra, edited by A. A. Albert.

 3. Studies in Real and Complex Analysis, edited by I. I. Hirschman, Jr.

 4. Studies in Global Geometry and Analysis, edited by S. S. Chern.

 5. Studies in Modern Topology, edited by P. J. Hilton.

 6. Studies in Number Theory, edited by W. J. LeVeque.

 7. Studies in Applied Mathematics, edited by A. H. Taub.

 8. Studies in Model Theory, edited by M. D. Morley.

 9. Studies in Algebraic Logic, edited by Aubert Daigneault.

 10. Studies in Optimization, edited by G. B. Dantzig and B. C. Eaves.

 One copy of each volume in this series may be purchased by individual

 members of the Association for $5.00 each; additional copies and copies for

 nonmembers are priced at $10.00 each.

 Orders with remittance should be sent to:

 MATHEMATICAL ASSOCIATION OF AMERICA

 1225 Connecticut Avenue, N.W.

 Washington, D.C. 20036
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