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FIBONACCI ANALOGS OF THE CLASSICAL POLYNOMIALS
A.G.SHANNON, The New South Wales Institute of Technology

Introduction. In this note we define a generalized Fibonacci polynomial analogous
to the classical polynomials of Bernoulli, Euler and Hermite. We then use it to ob-
tain a combinatorial result for the associated generalized Fibonacci numbers. It
is an advantage, though not an essential prerequisite, for the reader to have had some
prior acquaintance with Fibonacci numbers and classical polynomials, a number
of papers on which have appeared in this journal.

We define generalized Fibonacci number sequences, {u,} and {v,}:

u, = ‘21(—1)j+lpju"_j n>0
j=
u, =1 n=20
u, =0 n<0
and v, = X (=1)Y"'"Pw,_; nr
i=t
v, = X9 0Sn<r
j=1
v, =0 n<0

where the P; are arbitrary integers and the «; are the roots, assumed distinct, of the
auxiliary equation
x'— X (=1yTPx =0,
j=1
which is associated with the homogeneous, linear recurrence relations of arbitrary

order which the generalized Fibonacci numbers satisfy.
For example, when r = 2 we have

Uy = Pyttyy — Pyu,_,

with uy = 1, u; = P,, u, = P? — P, and so on. These are often referred to as the
Lucas fundamental numbers. When P; = —P, = 1 we get the Fibonacci numbers,
f+- The v, correspond to the Lucas primordial numbers since when r = 2, we have
vo =2, v, =a, +a, = P, and so on. When P, = —P, = 1 these become the
ordinary Lucas numbers, L,. (The interested reader can find more of their proper-
ties in Hoggatt [1].)

We need the result that

r

v, = Xaj forallnx0.
j=1
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Proof.

r
o j=21 (=1Y"* Py,
r r
= X (-1*'pP, T o/
j=t i=1

= o7 (=P

r
= X of, as required.

The ordinary generating function for {u,} is given (formally) by

iMs

r
u,x" = jl:[l (1 —a)t.

n

Tr_oux", then (1—Pyx + Pyx? — - + (= 1)'Px"u(x)

Proof. If u(x)
= uO + (ul - Pluo)x + (uz - Plul + quo)xz + e
=1, and the result follows.

We now use these two results to establish

o 0
2 ux" = exp( > u,,,x’”/m).

n=0 =1
Proof. u(x) = []j-:(1 — ajx)_l, log(u(x)) = log []/=1(1 — oz,x)"1
—log J[T(A —o%)  if |ayx| <1,
J

j= 1,2,"',",
= — X log(l — a;x)
j

m_m

X

1 MM8

1

L m
L(Ea'}')x"‘
1M\

o)
= X —px".
m=1 M

3

1 M8 <~ M

m

Thus

© N

Y v, x"/m )

m=1 /

u(x) = exp (
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Generalized Fibonacci polynomials. The last result suggests a definition for general-
ized Fibonacci polynomials u,(x):

E‘, u,(x)t"/n! = exp (xt + > u,,,t"'/m)
=0 =1

n m

so that
u,(0) = u, - n!

and
an o0
Y u,(x)t"n! = e*exp ( v,,,t"‘/m)
n=0 m=1

[ee]
= ¢ Xu,"
n=0

=" X u,(0)t"/n!
n=0

which are like the conditions

S H)rn! = & S HO)n!,

n=0 n=0

M8

0

n

B,(x)"n! = ¢ X B,0)"/n!,
n=0

Ms

E (x)t"/n! = &* E E,(0)t"/n!,
n=0

n=0

for the polynomials of Hermite, Bernoulli and Euler respectively.
The generalized Fibonacci polynomials are Appell.

Proof. In differentiation of series we assume that conditions of continuity and
uniform convergence are satisfied in the appropriate closed intervals.

9 2 u,(x)t"n! = texp(xt + X v,,,t"'/m)
ax n=0 m=1

t OZO) u,(x)t"/n!
n=0

i
M8

nu,_(x)t"/n!
which gives
“lll(x) =n un—l(x.)9 h = 132,33"'

which is the Appell set criterion.
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These generalized Fibonacci polynomials are not orthogonal since Shohat [2]
has proved that the only system of orthogonal polynomials which is an Appell
polynomial sequence is that which is reducible to Hermite polynomials by a linear
transformation. That the generalized Fibonacci numbers cannot be so reduced can be
deduced from the following result which can also be used to prove some congruences
mentioned below:

n

n+1(x) =X un(x) + 2 v]+1n u,- ](x)

where n; is the falling factorial coefficient

nj=nn—1)--(m—j+1).

Proof.
7 Tueh = Tuaeb,
and
% "ZO u,,(x)— = 6_at exp (xt + mg Up tm'”)
= exp(xt + moizlvm tm"') % (xt +":§:=1 U —:—n,—”)

0 [ee] t”l
= (x + X vm+1t"‘) exp (xt + X v, —)
m=1 m

= (x + § v,,,+1t) ;‘; u,(x)t"/n!
m=0 n=0

= T Lo T a0k

’l

- = w,.(x) -t
n=0
© n
+ Z 2 v]+1n un j(x)
n=0 j=0

which gives the required result.

From this we get when x = 0 that (n + )!u,.y = nloju, + Xj_ v, nlu,_;
since n! = n;(n — j)!

Thus

n
(n+Duypy = X vy,
j=0

which is a relationship between the primordial and fundamental sequences. For
example, when r = 2, we get for the Fibonacci and Lucas numbers that
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m+Dfyey = ‘EOLJ'an—j;
=

n=3, (n+ Dfpry = 4f, = 20,
and
z Lj-l-.lf3—j = L1f3 + szz + L3f1 + L4fo

j=0
1x3+3x2+4x1+7x%x1
= 20.

The Bernoulli polynomials can be written in the suggestive form
B,(x) = (x + B(0))"

wherein it is understood that after expansion of the right member, a* is replaced
by a,. So too

u,(x) = (x + u(0))".
Proof.

m=

Y u,(x)"n! = exp(xt)exp ( 2z v,,,t"‘/m)
r=0 1

= X x¥k! g) u;t/

k=0 i=0
on n
n!
= X Uy X 1" 0!
n=0 k=0 k!

so that on equating coefficients of " we find

n! i
u,x) = T Uy X
( ) Lo k! k
- s (" k
k=ZO (/C) un—k(o)x

which is what we seek. We shall use this result later.
Any polynomial can in fact be expressed in a series of these generalized Fibonacci

polynomials.

Proof.

exp( — § vmt"‘/m) OZO‘, u,(x)t"/n!

m=1 n=0

exp xt

(1 + z (—l)ijtj) E u,(x)t"/n!
j n=0

j=1
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If P, =1, then

n

MATHEMATICS MAGAZINE

@
2 x"t"n! =
=0

Equate coefficients of " and

xn

© r

Y X u,j(x)P(—1)n;

n=0 j=0

t'l

n!'

é (=1P;nyu, (x).
j=0

The first few generalized Fibonacci polynomials are then

Uug(x) =
uy(x) =
uy(x) =

uz(x) =

Since n,_, = n(n —1),_,_,, the coefficient array follows the pattern:

x+ P,

x% +2P,x +2(P} — P,)
x3 4+ 3P,x? 4 6(P% — P,)x + 6(P; — 2P, P, + P;)

uox® + 2u;x% + 6uyx + 6us.

1
1
1
1
1
1
1

1
2
3
4
5

6

2

6 6
12 24 24
20 60 120
30 120 360

Uop,
UoX +uy,

uox? + 2u x + 2u,,

120

720  720.

[May-June

A combinatorial result. A composition of the positive integer n is a vector
(ay,az,-+,a;), the components of which are the positive integers such that
a, +a, + -+ + a, = n. If the vector has order k, then the composition is a k-part
composition. In what follows y(n) will indicate summation over all the compositions
(a,,a,,,a;) of n, the number of components being variable.

Let

Then

(_1)k—1
0 _1k—1
DYDY ( k) Ugy oo Ugy X"
n=1 y(n)
0 0 k
X - ( - u,,x”) [k
k=1 n=1
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I

In (1 + X u,,x") ,

n=1 /

= ln( u,,x")
n=0

0
u,x" = exp ( 2 w,x" ),
n=1 /

or

il
s

n

which is satisfied by w, = v,/n from above. Thus

b= (=D fa

7(m)

When ¥ =2, P,;, = —P,, =1, we obtain

P

L, = X (=112 o,
y(n) ke

For example,
L1 = 1 == fl;
L2 = 3
2 2
= _i‘fl.fl + i‘fz
= —1+4;
L3 = 4
3 3 3 3
= *§f1fz - 5fzf1 + Ifa + §f1f1f1
= —-3-3+9+1.

Conclusion. These generalized Fibonacci polynomials can be used to develop
other properties: for instance, it can be established that u,,,m(x) = u,(x) (X))
(mod m) from which it follows that

U, = (n _l;’lm)u,,+,,,(mod m).

For example, when r =2, P,;, = —P,, = 1, we have

fafs = 3x5=3 (mod4)
and

(Z)Jg — 35x 21 =3 (mod4).
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The proof of the congruence for the polynomials is left to the interested reader.
More easily, other analogs of properties of the classical polynomials can be
developed with a view toward obtaining results for generalized Fibonacci numbers.
The generalized Fibonacci polynomials can also be related to the classical polynomials
more directly; for instance, in the case of the Hermite polynomials we have

E H,(x)u,(0)"m! = expxyt — y?t?) § H,(x — yu,(0)t"/n!
0 n=0

Proof. We use the well-known result that

0

H,,,+,,(x)y"/n! = exp(zxy - yZ)Hm(x - y) .
0

n=

exp(2xyt — y*t?) E H,(x — yHu,(0)"/n!

n=0

0 0

Y X Hpp()u,(0)y™" " Im!n!
0

n=0 m=

o0 0

E T Hy0u® (" ") 57 m -+

n=0 m=0

S H,(x) (2 (
m=0 n=0

m
n

) u,(0)y™ " ) "/m!

Y H,(0)u,(»)"/m! as required.
m=0
This is a bilateral generating function for the Hermite polynomials and is an
illustration of Corollary 5 of Singhal and Srivastava [3].
As an exercise the reader might like to prove a relation between these generalized
Fibonacci numbers and the Bernoulli numbers:
S Bn—k(o) Auk(o)

ull“‘l = TTTTOINY

where Au,(x) = u,(x + 1) — u,(x).

These polynomials then can be used to establish new results for generalized
Fibonacci-type numbers or new insights into properties of the classical polynomials.
It does not require much imagination to extend these results to obtain some reason-
ably elegant formulas.

References
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GENERAL SOLUTION TO THE OCCUPANCY PROBLEM WITH
VARIABLY SIZED RUNS OF ADJACENT CELLS OCCUPIED
BY SINGLE BALLS

ROGER W. PEASE, JR., G. & C. Merriam Company, Springfield, Massachusetts

Consider the occupancy problem in which (1) there is a row of n cells of which
m cells are occupied by one ball each, (2) there are runs of r,,r,, -, r, adjacent
occupied cells with Xf_,r, = m that occur in order from one end of the row
to the other, and (3) it is desired to find how many different arrangements of occupied
and unoccupied cells there are for the two cases in which there is no restriction on
the number of empty cells between runs and in which there is at least one empty
cell between each pair of runs.

A particular application of this occupancy problem that is easy to grasp involves
the seating of theater parties in a row of seats. If parties of size p,, p,, -+, p, With
Xk . p; = m are seated in order in a row of n seats, how many arrangements of
occupied and unoccupied seats are there if (1) there need not be a vacant seat between
parties, and (2) there is at least one vacant seat between parties?

The case in which the parties are all of the same size was solved by an instructive
use of recursion by Wiggins [1] including the cases in which each party was composed
of two individuals and of m individuals. His model involves the counting of dyadic
numbers consisting of 1’s representing cell partitions and intercalated 0’s represen-
ting balls occupying cells. The method is related to the one used in Feller [2] to
derive the formula for cases in which multiple occupancy of cells is permitted and
which considers the number of ways in which the n—1 partitions between cells or
alternatively the balls can be arranged, one to a place, in a total number of places
equal to the sum of the n—1 partitions between cells and the balls. However, since at
most one ball is permitted to reside in each cell in the problems considered here,
the number of cells n figures prominently in the discussion rather than the number
of partitions between cells n—1.

The intuitive insight that leads to solution of the general case is that the runs
of adjacent occupied cells can be considered as occupying single cells if the number
of balls is reduced by the difference between the number of balls and the number
of runs. The intuitive answer is immediate. In the theater party application let
the number of seats be n, the total number of people be m, and the number of
parties be k. The number of arrangements of occupied and unoccupied seats is the
number of ways in which the n—m empty seats can be chosen from the adjusted
number of seats n—m + k. The answer is (";""*). Note that the number in each.
party is not required for solution. Thus, five parties of sizes 100, 5, 5, 5, 5 will generate
the same number of arrangements of occupied and unoccupied seats as five parties
of sizes 16, 20, 24, 28, and 32 provided the parties are seated in a particular order.

131
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This result will be made rigorous first by a proof that is based on the intuition
itself and sets up a one-to-one mapping onto a set of arrangements that we know
how to count and second by a proof that involves recursion. The one-to-one onto
mapping required in the first proof is obtained in the following way. Since there
are no vacant seats within parties, each arrangement can be identified and is com-
pletely determined by the ordered set of seat numbers of the leftmost party members
{t1,*++, 1} where the t;’s are counted from the left end of the row. If {p;:i = 1,---,k}
is the set specifying the number of individuals in each party, the following statements
hold for any particular arrangement:

t1 g 1’
w1 2 4+ Dy
h = n—(p—1).

The intuitive process apparently involved forming the conviction that there was a
one-to-one correspondemce between these arrangements and the arrangements of
k ordered objects in a row of cells of length n — m + k. Each such arrangement is
specified by a set {s;, -, 5} where s; is the number of the ith occupied cell counting
from the left. The one-to-one correspondence is specified by the transformation

Sl = tl’
i
Siv1 = ti+1—jz (p;—1),
=1

S = tk—11l+pk+k'~.-1.

Each ¢; uniquely determines an s; and vice versa. Each set of ¢;’s uniquely determines
a set of s;’s and vice versa. Therefore, the mapping is one-to-one and onto, and the
two sets of arrangements have the same cardinality, namely ("~ F*¥).

The artificial proof is modeled after that of Wiggins [1] for the cases in which
the parties are all of the same size. Let N, be the number of arrangements of
occupied and unoccupied seats for k parties arranged in a particular order with
varying numbers of unoccupied seats between them, n the total number of seats,
and m the number of people.

The case in which there is one party is trivial. The leftmost member of the party
can occupy any of n—m + 1 seats so that

ay _ _(n—m+1
(€))] Nim = n—m+1 = ( n—m )
Now consider the case with two parties. If a second party with m, members is seated
to the left of the first party with m, members, the total number of arrangements
will be the sum of the ways of seating the first party as the leftmost seat occupied
by the second party moves from left to right.
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2 1 1 1
(2) Nr5,131+m2 = Nn(—)mz my + Nr(l—-)mz—l,ml + ot Nr(nl),m1

n—mj—nmy o n—mji—m, n—m;—my+1
Nn-mz-i,ml = Z (n'—ml_mZ + 1_1) = Z J
j=1

i=0 i=0

I
™M

_ n—my,—m;+D)(n—my—m; +2) _(n—mi—my+2
2 n—my—m, )’

And since m = my + m,

mm n—m

Suppose the result is true for k parties and consider the case for k + 1 parties.
The order of the parties in the row is given. Again the total number of arrangements
is found by holding the leftmost party fixed and summing the ways of seating the
k remaining parties as the party on the left is moved successively one seat at a time
to the right until no vacant seats remain between parties. If the leftmost party occupies
my 4+ 1 seats and the remaining k parties occupy m, seats, the total number of occupied
seats is m = my 4, + k,,.

k+1) __ (k+1) _nr(k) (k (k)
4 Nz.m ) = Nn.mk+mk+1 _-N"_mk+lamk+N"—zﬂk-l-l—lvmk-l_”. +Nm;<»mk

B—=Mp+1—mr n=myg 1= ng — — —i+k
— N(k_) B - n mk+1 my, 1 )
,Z“:) e T R e i=zo R—Myyq — My—i
n—m n___m_i k n—m k . n—m k )
=>:( +.)=z(?”)=z:(+-’)
i=o \ h—m—1, j=o0 J j=0 k
_(n—m+k+1
B n—m )

The last step follows from the sum of the first two terms

k+0 k+1 k+2
) ( k)+( k)_(k+1)’
and the generalization

k +j k+jy _ (k+i+D
©) (k+1)+( k)"(k+1)'

If at least one unoccupied seat occurs between parties, this seat can be viewed
as occurring to the right of each of the first k — 1 parties and the number of vacant
seats remaining is n —m — k + 1. In this case the number of arrangements will
be the number of ways of choosing n—m—k + 1 things from n—m + 1 things.
The answer is (,”,™+%,). This result also depends on the total number of occupied

seats and the number of parties but not on the number in each party.
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The cases considered by Wiggins [1] in which the parties are all of the same
size are readily solved by application of the general formula. If there are k parties
of size 2 and n seats with 1 < k < n/2, the number of arrangements of occupied
and unoccupied seats is ("%*). This formula is derived immediately from the gen-
eral formula where the number of unoccupied seats is n—2k and the number of
parties is k. For the case in which there are k parties each consisting of m individuals
with 1 £ k < n/m, the number of arrangements is ("~™ %), This can be written
down immediately by use of the general formula in which the number of parties is
k and the number of unoccupied seats is n—mk. Since these two cases involve runs
which are all of the same length and are indistinguishable as far as arrangements
of occupied and unoccupied cells are concerned, the result is valid without speci-
fying the order of the runs. In the general problem, the runs are presumed to be
of varied length and the result is valid only for a specified order of the runs.

If the order of the parties is permitted to vary and a vacant seat néed not occur
between parties, the number of arrangements of occupied and unoccupied seats
cannot be found readily unless the individual parties are identified. For example,
if all possible orders of the parties are considered, the number of arrangements of
occupied and unoccupied seats is reduced if two parties are adjacent without a vacant
seat between them, and the number of arrangements is further reduced whenever
the number in two or more adjacent parties without vacant seats between them is
equal to the number of occupied seats in another group of such parties. However,
as long as the linear order of the parties is specified, the general formulas above apply.

References

=+ A.D. Wiggins, An occupancy problem involving placement of pairs of balls, this MAGAZINE,

45 (1972) 82-85.
2. William Feller, An Introduction to Probability Theory and Its Applications, vol. I, 3rd. ed.,
Wiley, New York, 1968.

AN INTEGER PROGRAMMING HANDICAP SYSTEM IN A
“WRITE RING TOSSING GAME”

EUGENE F. SCHUSTER, The University of Texas at El Paso

1. The write ring tossing game. During my recent tour in the army, I worked as an
operation research (OR) analyst with an OR team working mainly on Department
of Defense level projects. One project we inherited was a large simulation model
(called INTLOC, an acronym for INTerdiction of Lines of Communication) which
was used to provide an empirical technique for evaluating the impact of various
aerial interdiction strategies on the throughput capacity of a logistics network.
INTLOC rapidly became a computer time gobbling monstrosity. A single INTLOC
run on a 65K UNIVAC-1108 took 3-4 hours. We were forced to beg, borrow and
steal computer time wherever and whenever we could find it. One place we did find
it was at the Cameron Station Military Installation in Washington, D.C. There we
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The cases considered by Wiggins [1] in which the parties are all of the same
size are readily solved by application of the general formula. If there are k parties
of size 2 and n seats with 1 < k < n/2, the number of arrangements of occupied
and unoccupied seats is ("%*). This formula is derived immediately from the gen-
eral formula where the number of unoccupied seats is n—2k and the number of
parties is k. For the case in which there are k parties each consisting of m individuals
with 1 £ k < n/m, the number of arrangements is ("~™ %), This can be written
down immediately by use of the general formula in which the number of parties is
k and the number of unoccupied seats is n—mk. Since these two cases involve runs
which are all of the same length and are indistinguishable as far as arrangements
of occupied and unoccupied cells are concerned, the result is valid without speci-
fying the order of the runs. In the general problem, the runs are presumed to be
of varied length and the result is valid only for a specified order of the runs.

If the order of the parties is permitted to vary and a vacant seat néed not occur
between parties, the number of arrangements of occupied and unoccupied seats
cannot be found readily unless the individual parties are identified. For example,
if all possible orders of the parties are considered, the number of arrangements of
occupied and unoccupied seats is reduced if two parties are adjacent without a vacant
seat between them, and the number of arrangements is further reduced whenever
the number in two or more adjacent parties without vacant seats between them is
equal to the number of occupied seats in another group of such parties. However,
as long as the linear order of the parties is specified, the general formulas above apply.
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AN INTEGER PROGRAMMING HANDICAP SYSTEM IN A
“WRITE RING TOSSING GAME”

EUGENE F. SCHUSTER, The University of Texas at El Paso

1. The write ring tossing game. During my recent tour in the army, I worked as an
operation research (OR) analyst with an OR team working mainly on Department
of Defense level projects. One project we inherited was a large simulation model
(called INTLOC, an acronym for INTerdiction of Lines of Communication) which
was used to provide an empirical technique for evaluating the impact of various
aerial interdiction strategies on the throughput capacity of a logistics network.
INTLOC rapidly became a computer time gobbling monstrosity. A single INTLOC
run on a 65K UNIVAC-1108 took 3-4 hours. We were forced to beg, borrow and
steal computer time wherever and whenever we could find it. One place we did find
it was at the Cameron Station Military Installation in Washington, D.C. There we
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got a chance to put in a little army overtime making a run or two of INTLOC each
Sunday night. Working this shift was not the most exciting thing in the world.
One would carry in the large box of input cards and data tapes, start the run and
wait four hours till the run was over. A quick analysis of the output of the first run
would usually spot the input card which was out of order (or the keypunch error)
and the second run would begin. It was here in the Univac computer room at Cameron
Station in late October of 1969 that I witnessed my first ‘‘write ring tossing game.”’
A write ring is a plastic ring that fits into a round groove molded in a magnetic
tape reel. When the ring is in place, either reading or writing can occur on the tape
during a computer run. When the ring is removed, writing is suppressed and only
reading can take place; thus the file is protected from accidental erasure. Now the
computer room had an ample supply of these write rings and in order to pass the time
between INTLOC runs, my two army buddies devised the following game. Each player
would begin with n write rings. A flip of the coin would determine which player
began. The first player would toss hisnrings at the hosearm of the fire extinguisher
on the wall, trying to score as many ringers are possible. When the first player had
completed his n tosses, the second player would begin. And so the game would pro-
ceed in stages, at each stage a player would retire as many rings as he had made
on that stage. The first player to make n ringers was the winner.

After a number of Sunday evening games it became evident that my two buddies,
A and B, were not evenly matched. Player A made ringers on about one tenth of
his tosses and player B made ringers on about two tenths of his tosses. I was asked
to determine a handicapping system which would make this a fair game, that is, to
determine how many rings each player should begin with in order that each player
had an equal chance of winning. The only answer I could give them at the time was
to simulate the game and empirically determine the solution. Of course I was not
satisfied with that solution and I have thought about the game from time to time
since then. Shortly after I got out of the army I realized I could consider the play
of each player as a Markov chain. The transition matrix of this Markov chain has
some rather interesting properties which I will now take up.

2. The stochastic analysis of one player’s play. Suppose the player begins with r
rings. Let the random variable X, record the number of rings the player has remaining
after k stages of the game. Then (assuming that the player’s ability does not change
from toss to toss) the probability that j rings remain after k 4+ 1 stages given that
i rings remain after k stages is

i (’) g(l—q) if 0SjSisr
(2.1) P(Xj 44 =lek=i)=sz= 4 J
0 otherwise,

where ¢ is the probability of failure on a single toss of the ring. It is then evident
that we have a sequence of trials X, X,, -+ whose outcomes satisfy the following
two properties:

(i) Each outcome of each trial belongs to a finite set of outcomes {a,, a,, a,, -, a,}
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called the state space. If the outcome of the kth trial is i, then i rings remain and
we say that the system is in the state a; at time k.

(ii) The outcome of any trial depends at most upon the outcome of the imme-
diately preceding trial and not upon any other previous outcome; with each pair
of states (a;, a;) there is the probablhty p;; that a; occursimmediately after a; occurs.

Hence, the sequence X, X,, -** isa stochastic process called a (time-homogeneous
finite) Markov chain. The matrix P = (p;;) is called the transition matrix. Thus,
for each i, j and n, the probability that the system changes from state a; to state
a; in n steps, denoted p{p, is given by the n-step transition matrix P™= (p{}")
where P™ = P". In our particular case it is interesting that our triangular n-step
transition matrix P™ can be written in closed form. This form is given in the
following theorem, the proof of which follows by inducting on n.

THEOREM 1. Let P = (p;;) where p;; is given by (2.1). Then P" = P™ = (P;"))
where

((l) (@Y1 — g™ when 0Lj<iZr
pg") = J

ij

ﬁo otherwise.

Note that P™ is a lower triangular matrix in which the nonzero elements in
the ith row are the terms in the binomial expansion of {(1 — ¢") + ¢"}'.

Most questions regarding the play of one player can be answered using the above
transition matrix. For example, let the random variable N record the stage at which
the player tosses his rth ringer. Since p{} is the probability that no rings will remain
after n stages, the density of N is given by

(2.2) PN =n) =pS0—p5 P=0~q)V-(1~q"""

The expected number of stages is given in
THEOREM 2. E(N) = X (:)(—1)"@‘ -7t
i=1\

Proof. An outline of the proof is as follows:

EN)= Zn{l-qY—-(-g""}

n=1

= S (1) -

n=1 i=1

(_1)1 Z n(qni_ qni—i)
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3. Theoretical fair game. Let ¢ > 0 and b > 0 be the probabilities that player A
and B, respectively, fail to make a ringer on a single toss. Suppose A starts withr
rings and B starts with s rings. If AW and BW denote the events “‘A wins’’ and
““B wins’’ then we have:

TueorReM 3. f(r,s;a,b) = P(AW) — P(BW) = X2,{(1—a" Y1 - b"y —
A—ayA—=b"""} =1 + Zio; T (=61 = a®)(1 - a'b’).

Proof. Let AS, BS and AW(n) be the events “‘A starts,”” ‘‘B starts,”” and ‘A
wins at the nth stage,”” respectively. Then

P(AW) = P(AW N AS) + P(AW N BS)
— 3 (P(AW(n) N AS) + P(AW(n) O BS)}.
n=1 ’

Let {X,} and {Y,} be the Markov chains which record the number of rings remaining
after each stage by player A and B respectively. Then using (2.2) we have

P(AW(n)nAS) = P(X,=0,X,.4>0, Y,_; >0, AS)
= {(1—ay -1 =" YHL =1 ="' }(1/2)
and
P(AW(n)NBS) = P(X,=0,X,.,>0,Y,>0, BS)
= {1-aY =(1—a" )}l -1 -b")}(1)2).
Thus one can easily show that

P(AW) — P(BW) = 2P(AW) — 1

k
= lim Z {(1 _ an—l)r(l _ bn)s . (1 — an)r(l . bn-—l)s}

k2o n=1

k k-1
= lim { A—=a""H1-b - T A -a"*yd - b"y*f
k=»oo (n=1 n=1 |

k
= lim { Z (1 _ bn)s[(l _ an—l)r _ (1 _ an+1)r] +(1 _ ak—l)r(l - bk)s}

k- (n=1
k r
1+1lim X (1 -=b" 3 (::)(__1)i(ani—i _ am’+i)
n=1

k- i=1

It

]

r k
14+ lim Z (:)(_1)1 2 (1 . bn)S(ani—i _ am‘+i)
n=1

k—w i=1

r k s
= 1+lm X (T)(—l)‘ I X (f)(-l)fb"f(a""i—a"“')
koo i=1 \1 n=1 j=0 \J
r s k
=14+1lim X (':)(—1)‘ > (s)(_l).l pX b"f(a"i"i_ani+i)
ko i=1 \} j=0 \J net
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only if
1+ ¥ % (’) (‘?)(—1)"*%!’(1—a“)/a—aibf‘) ~ 0.
i=1 j=o0 \V/ \]J

So far I have not been able to find any exact nontrivial solutions (when a # b)
of this equation. However, in any practical problem there would be a limit, say N,
on the total number of rings available to the two players, i.e., ¥ + s < N. In this
case one might be interested in an efficient solution to the following problems:

(1) Find the fairest game, i.e., find an (r, s) which minimizes [ f(r,s;a, b)[ subject
tor+s=<N.

(ii) Find an e-fair game, i.e., given ¢ > 0, find an (r,s) with |f(r,s;a, b)| <e.

4. An integer programming solution. The solution to problem (i) is an integer
pair contained in the triangle Ty = {(r,s): # = 1,s = 1,7 +s < N, rand s integers}.
Let Py be the oriented (integer) path in Ty which begins at (1,1) and moves in Ty
according to the following recursive rule: At the integer pair (x,)), compute
f=f(xy;a,b).If f=0o0r x+ y = N, then the path ends at (x, y). If f> 0 step
right one unit to (x + 1, y), otherwise step up one unit to (x,y + 1). The following
Theorems 4 and 5 can then be used to produce algorithms which give efficient solu-
tions to problems (i) and (ii). A numerical illustration is given in Section 5.

THEOREM 4. The minimum of |f(r,s;a, b)] in Ty is attained on Py and is not
attained in Ty — Py.

THEOREM 5. For any & > 0 there exists a positive integer N such that ]f| Ze
at the endpoint of the path Py and |f[ > ¢ for all integer pairs in Ty.q.

We will need the following Lemma 6 in the proof of Theorem 4 and Lemmas 7
and 8 in the proof of Theorem 5. For simplicity let P = limy.,, Py, f(r,5) =
f(r,s;a,b), and let Z* denote the set of positive integers. Then

LEMMA 6. For fixed a and b, 0 <a, b <1, the following hold:

(i) For fixed reZ*, f(r,s) isastrictly increasing function of s withlim,_, ., f(r, )
= 1.

(ii) For fixedseZ*, f(r,s)is a strictly decreasing function of ¥ with lim,_, ,, f(r, s)
= —1.

Proof. Although one can prove this lemma by working directly with the ex-
pressions for the function f as given in Theorem 3, we shall not do so here. Instead,
we give the intuitive argument which suggests the lemma and gives some insight
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into our algorithm. If r is fixed and we increase s, we are giving player B additional
rings, thereby increasing player A’s chance of winning. Hence, f(r, s) is an increasing
function of s. If B has an infinite number of rings then A is certain to win so that
lim,_, ., f(r, s) should equal 1 for each r, so that (i) should hold. In a similar fashion
one can argue that (ii) should hold. Note that f will be positive above P and negative
below.

Proof of Theorem 4. The case N = 1 is trivial. Suppose then that the theorem
holds for N = 1,2,--,k and let (r;+y, S,+1) be the end point of P, . Let us first
consider the case f(ry.1,8.+1) > 0. By the induction hypothesis it suffices to show
that the minimum of | f | in T, ; is not attained in {(r,s):7+s=k+1}—{(74s1,S¢+1)}-
Lemma 6 can be used to show that f is decreasing along the diagonal r +s = k+ 1
so that 0 < f(rysq,Ske1) <f(r,k+1—7r) for r =1,2,--,r,.1 — 1. We claim that
fries1+ 1, 8,41 — 1) <0. Suppose not. If it were positive then Lemma 6 indicates
that f(r, 8,4y — 1) >0 for r = 1,2,--+, 1,4y + 1. But this would say that the path
P, ., cannot reach (r,.1,S¢+1) (recall, + causes P to move to the right). Hence
f(res1 + 1,81 —1) <0 and since f is decreasing along the diagonal f(r;+; + s,
Sge1 — ) <f(rge1 + 1,841 —1) <0 fors =2,3,---,5,,; — 1. There must exist an
(r,S¢+1 — 1) on P, satisfying f(ry+q + 1,841 — 1) <f(r,s44+1 — 1) <0. This fol-
lows from Lemma 6 and the fact that only a negative value of f can cause the path
to move upward. Hence, in this case one can easily see that the minimum of |f|
is not attained in T, — Py, . The case f(r, ., 1,5:+1)< 0 follows in a similar fashion.
If f(Pe+1,8k+1) = 0, P ends at (r,44,5;+1) and Lemma 6 can be used to show that
f can have at most one zero in T;. . Hence, the theorem holds in this case also.

LemmA 7. Fix a,b in (0,1). If f(r,s;a,b) does not vanish on T=Ilimy_ , Ty
then there is a sequence of integer pairs {(v,,s,)}, 20 on P satisfying:

() f(r,—1,s,) >0 and f(r,,s,) <0, n = 1.

r,zrn_+1ands,=2s,.y+1,nx1.

Proof. Let ro =so=1.1f n =1, one can use Lemma 6 and the definition
of the path P to show that there exists a point (ry,s;) satisfying (i) and (ii). Let us
then assume that we have found (r,, s,) on P satisfying (i) and (ii) foreachn=1,2, ---, k.
In this case, f(,s,) <0. Using Lemma 6 one can conclude that there must exist
an s* with f(r,s* — 1) <0 and f(r,,s*) > 0. Clearly (r,,s*) lies on P. Moving
right along the path P (from (7, s*)) we can then use Lemma 6 again to conclude
that there must exist an r* with f(r*—1,5%)>0 and f(r*,s*)<0. Then
(Pt 15 Sk+1) = (7%, s*) satisfies (i) and (ii) and the proof is complete.

LeMMA 8. For each ¢ > 0 there exists an R = R(g,a) such that r = R implies
that

0<f(r,s)—f(r+1,s)<e.

Proof. Let ¢>0 be given. Then there exists a K = K(g,a) such that
0 < X gi1a"<eg/2. Since (1 — a®)" tends to zero as r tends to infinity, there must
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0.594
0.585 0.277
0.576 0263 0.028
0.566 0249 | 0011 | —o.169
0.555 0233 | —0.006 | —o0.187
0.544 0216 | —0.025 | —0.206
0.531 0.198 | —0.045 | —0.226
0.517 0.178 | —0.067 | —0.247
0.502 0.157 | —0.090 | —0.270
0.485 0133 | —0.115 | —0294
0.466 0108 | —0.142 | —0.320
0.445 0.080 | —0.171 | —o0.349
0.421 0.048 | —0203 | —0.379
0.394 0013 | —0239 | —o0.412
0362 | —0.027 | —0279  —0.448
0325 | —0.073 | —0323  —0.489
0279 | —0.127 | —0374 —0533
0222 | —0.191 | —0432  —0.583
0149 | —0269 | —o0s01  —0.641
0049 | —0367 | —0.583  —0.707

—0.101 | —0.498 —0.684  —0.785

0357 | —068 —0816  —0.880

Fig. 1

~0.326
—0.344
—0.363
—~0.383
—0.405
—0.428
~0.452
—0.478
~0.505
—0.535
——‘0.567
—0.603
—0.641
—0.683
—~0.731
~0.784
—0.845

—0.915

—0.451
—0.469
—0.488
—0.508
—0.529
—0.551
—~0.574
—0,599
—0.625
—0.653
~0.684
-0.717
—~0.753
~0.792
—0.835
—0.883

—0.937

[May-June

—0.552
—0.570
—0.588
—0.606
—0.626
—0.647
—0.669
—0.692
-0.717
—0.744
—0.772
—0.802
—0.835
—0.870
—0.909

—0.952

exist an R = R(e,a) such that r = R implies that 0 < (1 —a") <e(l —a)/2.
Using Theorem 3, one can easily see that for r = R

f(?‘, S) —f(r + 1,.5’) = % {an—l(l — an—l)r(l - bn)s - a”(l _ an)r(l _ bn—l)s}
n=2
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E a"(l _ an)r{(l _ bn+1)s _ (1 — bn—l)s}
n=1

< A -d%a-a) + E a

n=K+1

<e
and the proof is complete.

Proof of Theorem 5. Let ¢ >0 be given. We then claim that there must exist
an (r,s) on P with |f(r,s)| <e. I f has a zero then Theorem 4 implies that one
zero must lie on the path P. Suppose then that f has no zeroes in T = limy_, , Ty
and let R be as in Lemma 8. Lemma 7 then indicates that we can find an (r, s) on P
such that »r = R, f(r —1,5) > 0 and f(r,s) <0. Since » = R Lemma 8 indicates
that 0 < f(r — 1,5) — f(r,s) <. But then —f(r,s) = | f(r,s)| <e, i.., there exists
a point (r,s) on P with | f(r,s)| < &. Let (+*,5*) be the first point on the path P for
which | f(r, s)| < ¢ and let N = r* 4 s*. Then, using Theorem 4, one can easily
see that N satisfies the conditions of our present theorem.

5. Numerical example. We now give the handicaps in the original game of Section
1 when a = 0.9 and b = 0.8 (i.e., players A and B fail on 0.9 and 0.8 of their tosses,
respectively) subject to the restriction that the rotal number of rings is at most 23.
In this case the fairest. game occurs when r = 3 and s = 18 with f(3,18;a,b) =~
—0.006. The three digit approximations to the function f(r,s;a,b) at the points
of the triangle T,; where r < 7 are given in the table of Figure 1. The numbers in
boxes correspond to the points (r,s) on the path P,;. The horizontal axis is the
r axis. Note the f is positive above the path P,, and negative below.

6. Other applications. In reliability theory an active redundant configuration is
a system of, say r, components connected in parallel as shown in the block diagram
of Figure 2. Whenever the system is activated the components are all simultaneously
subjected to operation unless they have previously failed. The system functions
as long as k or more of the components function.

C

[

Fi1G. 2.
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Suppose the time to failure of each of the components is exponentially distributed
with mean 1/4 and suppose the system operates for exactly T hours each day. Now,
a component whose lifetime follows the exponential distribution shows no aging, i.e.,
the probability that the component survives day »n + 1 given that it survived day »n is
the same as the probability that a new component will survive day one. Hence the
stochastic analysis of this (active redundant) system is equivalent to the analysis in
Section 2 providing we identify

(i) the number of rings » with the number of components, and

(ii) the (constant) probability of failure g on a single toss of a ring with the
(constant) probability e " that a component will survive day one (= T hours)

The play in the ring tossing game can then be identified with the comparison
between competing systems built from two different types of components.

ON APPLICATIONS OF VAN DER WAERDEN’S THEOREM
JOHN R. RABUNG, Randolph-Macon College

1. Equivalent versions of the theorem. In [1] B. L. van der Waerden relates how
Artin, Schreier, and he were able to find the proof of the following conjecture of
Baudet:

(A) If the set of positive integers is partitioned in any way into two classes, then
for any positive integer | at least one class contains a set of | consecutive members
of an arithmetic progression. (Henceforth we shall use the phrase ‘‘arithmetic pro-
gression of length I”” to mean a set of | consecutive members of an arithmetic
progression.)

Aside from the ingenuity of the proof which finally arose, one of the most in-
triguing aspects of the paper is the manner in which these men were able to manip-
ulate Baudet’s conjecture into more manageable, yet equivalent forms. The first
such manipulative step was to consider the following statement suggested by Schreier:

(B) For any positive integer | there exists a positive integer N(I) such that if the
set {1,2,---,N(l)} is partitioned into two classes, then at least one class contains
an arithmetic progression of length 1.

This so-called ‘‘finite version”’ of (A) clearly implies (A) and the converse impli-
cation is shown in [1] using a Cantor diagonal approach.

From here it was an easy step for Artin to show that (B) is equivalent to:

(C) For any positive integers k and | there exists a positive integer N(k,I) such
that if the set {1,2,---,N(k,1)} is partitioned into k classes, some class contains an
arithmetic progression of length I.

This is the statement which van der Waerden proved. (See [1] or [2].)

Since the appearance of the proof several applications of the theorem have been
published. (We shall discuss A. Brauer’s application to power residues in another
section of this paper.) However, it has become apparent that the real potential for
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a component whose lifetime follows the exponential distribution shows no aging, i.e.,
the probability that the component survives day »n + 1 given that it survived day »n is
the same as the probability that a new component will survive day one. Hence the
stochastic analysis of this (active redundant) system is equivalent to the analysis in
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(i) the number of rings » with the number of components, and
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ON APPLICATIONS OF VAN DER WAERDEN’S THEOREM
JOHN R. RABUNG, Randolph-Macon College

1. Equivalent versions of the theorem. In [1] B. L. van der Waerden relates how
Artin, Schreier, and he were able to find the proof of the following conjecture of
Baudet:

(A) If the set of positive integers is partitioned in any way into two classes, then
for any positive integer | at least one class contains a set of | consecutive members
of an arithmetic progression. (Henceforth we shall use the phrase ‘‘arithmetic pro-
gression of length I”” to mean a set of | consecutive members of an arithmetic
progression.)

Aside from the ingenuity of the proof which finally arose, one of the most in-
triguing aspects of the paper is the manner in which these men were able to manip-
ulate Baudet’s conjecture into more manageable, yet equivalent forms. The first
such manipulative step was to consider the following statement suggested by Schreier:

(B) For any positive integer | there exists a positive integer N(I) such that if the
set {1,2,---,N(l)} is partitioned into two classes, then at least one class contains
an arithmetic progression of length 1.

This so-called ‘‘finite version”’ of (A) clearly implies (A) and the converse impli-
cation is shown in [1] using a Cantor diagonal approach.

From here it was an easy step for Artin to show that (B) is equivalent to:

(C) For any positive integers k and | there exists a positive integer N(k,I) such
that if the set {1,2,---,N(k,1)} is partitioned into k classes, some class contains an
arithmetic progression of length I.

This is the statement which van der Waerden proved. (See [1] or [2].)

Since the appearance of the proof several applications of the theorem have been
published. (We shall discuss A. Brauer’s application to power residues in another
section of this paper.) However, it has become apparent that the real potential for


http://www.jstor.org/page/info/about/policies/terms.jsp

1975] ON APPLICATIONS OF VAN DER WAERDEN’S THEOREM 143

application of (C) may lie in the size of the numbers N(k, ). In his proof of (C) van
der Waerden constructs numbers N(k,[) which suffice, but it is thought that these
constructed numbers are terrifically loose. For example, van der Waerden constructs
N(2,3) = 67 whereas any N(2,3) = 9 will work. And just a glance at his general
construction of these numbers suggests that their growth rate is much greater than
it need be. As Erdés points out in [3], tightening of the numbers N(k,l) may lead
to settling the question of the existence of arbitrarily long strings of prime numbers
which are consecutive members of some arithmetic progression.

But the refinement of the numbers N(k, ) will not be achieved without an essen-
tially new proof of (C). Because none have yet been found, one is led back to the
reasoning of Artin, Schreier, and van der Waerden that perhaps another version
of the statement would be more manageable. Several equivalent forms of (C) have
appeared since thie proof was published. In this section we present some other equiv-
alent versions of (C). These versions seem more explicitly related to the problem
of primes in arithmetic progression than does the statement of (C). We begin with:

(D) Let S = {a;}{>, be any strictly increasing sequence of positive integers.
If there exists a positive integer M such that a;., —a; < M, for i = 1,2,---, then
there exist among the members of S arithmetic progressions of arbitrary length.

This is quickly seen to be a consequence of (C), for consider the following parti-
tion of the set of positive integers into M classes:

Ko = {a;:0;,e8} =S
Kl = {ai+lia;ES}nK0/
Kz = {ai + 2: a3€S} f\(Ko UKI)'

K; = {a+jaeSto(UiZIK)

Ky-1 ={a;+ (M ~1): a,e S} n(UJZ1 K"

It is clear from the nature of S and the construction of the classes, K;, that this is
indeed a partition of the set of positive integers into M classes. Now by (C) there
must be an arithmetic progression of length I (arbitrary) in some class, say K,.
Suppose this arithmetic progression is {b,b +d,b+2d,---,b + (I—1)d}. Since
beK,, we have b = a+ n for some aeS. Similarly each member of this pro-
gression is n greater than some member of S. Thus, {a,a + d,a + 2d,--+,a + (I—1)d}
< S, and the result is obtained.

Now (D) immediately yields:

(E) Ifthe set of positive integers is partitioned into two classes, then at least one
of the following holds:

(1) One class contains arbitrarily long strings of consecutive integers.

(2) Both classes contain arithmetic progressions of arbitrary length.

This is clear since if (1) does not occur, then (D) applies in both classes. And
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since (E) readily implies the Baudet conjecture (A), we see that (D) and (E) are each
equivalent to van der Waerden’s theorem (C).

Now (D) and (E) both yield ‘‘finite versions™:

(D’) For any M and | there is a positive integer Ny(M, 1) such that any strictly
increasing finite sequence {a;};-, of positive integers with differences bounded by
M (i.e., a;41 — a; < M) and with a,,— a; = N(M,1) will contain an arithmetic
progression of length 1.

(E’) For any M and | there is a positive integer N (M, 1) such that whenever the
set {1,2,---,N(M, 1)} is partitioned into two classes at least one of the following
holds:

(1) One class contains M consecutive numbers.

(2) Both classes contain arithmetic progressions of length 1.

From either of the statements (D’) or (E’) one sees the connection between
van der Waerden’s theorem and the problem of primes forming consecutive members
of an arithmetic progression. If one can sharpen the number N (M, ) enough and
observe a relationship between this number and the rate of growth of gaps between
consecutive prime numbers, one may be able to settle the question.

We have not been able to generally sharpen an estimate for N,(M, I), but we have
found best possible values of N (M, I) for some values of M and I. These are presented
in section 3 of this paper.

2. An application of Witt’s generalization of van der Waerden’s theorem, Very
shortly after van der Waerden published his proof in [2], A. Brauer [4] showed,
among other things, that for any positive integers k and [ there is a number Z(k, )
such that for any prime p >Z with p = 1 (modk) the reduced residue system
{1,2,--,p—1} modulo p contains ! consecutive numbers, each of which is a kth
power residue modulo p. Several authors since have found uniform upper bounds
on this string of consecutive kth power residues for fixed k and I. (See for example,
[51-[10].)

J. H. Jordan [11], without the assurance of a general theorem like Brauer’s,
stepped into the domain of Gaussian integers Z[i] and proceeded to find several uni-
form upper bounds for what he called ‘‘consecutive’’ Gaussian integers which are all
kth power residues of a prime of sufficiently large norm. The question arises, then, as
to whether there is a theorem like Brauer’s for the Gaussian domain. In this section
we show that there is such a theorem.

Itis Ernst Witt’s generalization [12] of the van der Waerden theorem which allows
one to use an approach analogous to Brauer’s in not only the Gaussian integers,
but in some other domains as well. Witt’s theorem may be stated as follows:

Let T' = {yy,72, 71} be a fixed set of Gaussian integers. For any positive
integer k there is a positive integer N(k,l) such that if the set

1 1
A = { Y apy;a;€Z,a;20, Xa; = N(k,l)}.
j=1 i=1

is partitioned into k classes, some class will contain a homothetic image, I'', of T'.
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(Here we shall say that I'" is homothetic to I' if I' = Al' + o = {iy + a:yeI}
where A is a positive integer and « is an arbitrary Gaussian integer.) Now if in the
above statement y, €I is such that |y;| = ||, 1 S i < I, then we see

1l 3
Zap;| £ Z(a||r;)
j=t j=1

IIA

!
[l Zla;| = o] NGk D

since a; 2 0. Thus, we may also say that if the set of all Gaussian integers with norm
not greater than (l y,|N(k, 1))? is partitioned into k classes, then some class will
contain a homothetic image of I'. Let N(k,I') = (max{|y,|: v;e T)HN(k,I). Now we
can prove: '

THEOREM 1. Given any finite set of Gaussian integers, say I = {y;,72, "%},
and any sufficiently large Gaussian prime, w, there is a set P = {py,p,, -+, pi}
of quadratic residues modulo n such that P is a translation of T.

Proof. Let D(I') = max{]yj—yilzy,-,yjel" } be called the diameter of I'. By
choosing our prime n with large enough norm we can imbed any set of Gaussian
integers having finite diameter in a reduced residue system modulo n. (See Hard-
man and Jordan [13].) Hence, we see that for = with sufficiently large norm there is
either a translated image of I' close to the origin consisting entirely of quadratic
residues or there is a quadratic nonresidue, v, modulo # such that 1 £ | v | <D+ 1.
Let R represent any finite array of Gaussian integers which is large enough to con-
tain some translation of I' and vI" = {vy;: y;€T}.

Now consider 7 to be a Gaussian prime such that |n|>2N(2,R) + 1, thus
assuring that a reduced residue system (of the Hardman-Jordan type) modulo z,
when broken into two classes will contain a homothetic image of R in one of the classes.
In particular, either the class of quadratic residues or the class of quadratic non-
residues will contain such an image, say R’ = AR + « for some nonnegative integer
Aand o a Gaussian integer. Now if 4 and the elements of R’ have the same quadratic
nature modulo 7, then multiplication by A~! modulo nyields R” = R 4+ A~ l« con-
sisting entirely of quadratic residues modulo .

If A and the elements of R’ are of differing quadratic nature modulo 7, then
R” = R + A™a consists of quadratic nonresidues. But now R + A~ la contains as
a subset some translation of vI', say vI' + «'. Since v is a quadratic nonresidue,
I' + v~ 1’ is made up of quadratic residues modulo 7, and we are done.

Following Brauer’s argument in similar fashion, one can establish

THEOREM 2. Given any finite set I" of Gaussian integers and any positive integer
k, there exists a translation of U consisting entirely of kth power residues modulo
any sufficiently large Gaussian prime n with N(n) = 1 (mod k).

In the interest of moving toward applications of Witt’s Theorem similar to those
mentioned in the first section of this paper, we note that this theorem has the fol-
lowing equivalent versions analogous to (D) and (E) of the preceding section:

(A) If £ = {0;};Z, is any sequence of Gaussian integers for which there exists
a finite set H = {ny,1,, -+, i} of Gaussian integers such that


http://www.jstor.org/page/info/about/policies/terms.jsp

146 MATHEMATICS MAGAZINE [May-June

Z[{]cZUE+n)VE+7) U UE +my)

then for any T = {y1,75,-,%} = Z[i], £ contains a homothetic image of T.

This statement is proved in the same way as statement (D) of the preceding section
was proved. And from (A) we get:

(B) For any partition of the set of Gaussian integers into two classes one of the
following must occur:

(1) One class contains a translation of any finite set of Gaussian integers.

(2) Both classes contain a homothetic image of any finite set of Gaussian integers.

To establish (B) one needs only to observe that in such a partition if we view each
class as a sequence of Gaussian integers, either the condition of (A) will apply to both
sequences (and, hence, (2) holds) or that condition will fail to hold for one of the
sequences. In the latter case the class K where the condition fails will have arbitrarily
large “‘holes’” in it in the sense that for any positive integer M we could find £ € Z[i]
such that

{teZ[i]:|{-¢| = M}NK = &.

(For, if not, we could use H = {{e Z[i]:|{| £ M} in the statement of (A).)

So (B), like (E) of the preceding section, brings forth the question of ‘‘patterns’’
of prime Gaussian integers. Of course, just as there are arbitrarily large gaps in the
set of rational primes, so there are arbitrarily large holes in the set of Gaussian
primes. But still one is led to study a ‘‘finite version’’ of (B) as weighed against the
growth rate of holes in the set of Gaussian primes. Here, as in the rational case,
such studies have so far yielded little fruit because of the unwieldy size of the con-
stants involved in finite versions of Witt’s Theorem. This is not unexpected since
Witt’s proof is essentially the same as that of van der Waerden in the rational case.

3. Some numerical results. Let {a;}; be a strictly increasing sequence of positive
integers such that for some fixed positive integer M we have a;,,—a; £ M for
i=1,2,---,m—1. From statement (D’) of the first section of this paper we know
of the existence of a number N(M,l) such that if a,, —a; = N(M,[), then among
the members of the given sequence there is an arithmetic progression of length /.
We direct our attention to the number N(M,l). Clearly, once such a number is
found, any larger number would serve the same purpose. Let N*(M, [)=min{N(M, [)}.
Under this definition, displaying a value of N*(M,[) for some M and [/ implies the
existence of a sequence {g;}j; with differences between successive members
bounded by M such that a, —a; = N*(M,Il) — 1, and such that the sequence
contains no arithmetic progression of length /. In presenting our numerical results
we shall also present such sequences which show our constants to be correct. Ac-
tually we shall give the sequence of differences associated with the original sequence;
that is, if {a;}/- is a sequence to be displayed, we shall instead display the sequence
{d,}r=! where d; = a;,; —a; for i = 1,2,---,m—1. We shall also impose on our
sequences the condition that d; +d;.; > M for i = 1,2,---,m—2. One easily sees
that this condition in no way alters the generality in computations of N*(M,I[).
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To give an easy example of how the computations were made, let us consider
the calculation of N*(2,3). That is, we consider all sequences of differences d; with
each d; = 1 or 2 and with d; + d;{ > 2. Suppose d; = 1. Thend, =2andd; =1
or 2. If, however, d; = 2 = d,, then two consecutive differences are alike which,
of course, means three members of the original sequence are in arithmetic pro-
gression. So we consider the case when d; = 1. This means d, = 2, and again
since d, + d3 = d, + d;, we have an arithmetic progression of length ! = 3 in the
original sequence. This exhausts all cases with d; = 1. Similar argument shows that
with d, = 2 one gets the sequence of differences {2,1,2} before exhausting all
possibilities. A corresponding original sequence might be {1,3,4,6}. This is, in one
sense, the longest such sequence with no three terms in arithmetic progression.
Since here, in the notation of the preceding paragraph, a,, —a, =5, we get
N*(2,3) = 6.

The following table displays some values of N*(M,I) which we have found
using essentially the above technique and the CDC 3800 computer at the Research
Computation Center, Naval Research Laboratory, Washington, D.C.

N*(M, ) Sequences of differences {d;}7< L of maximal length

N*2,3) = 6] {2,1,2}

N*(3,3) = 18 {3,2,3,1,3,2,3}

N*(4,3) = 27| {1,4,3,4,2,4,3,4,1}

N*(5,3) = 64| {5,4,5,3,5,4,5,1,5,4,5,3,5,4,5}

N*(6,3) = 102 {5,6,4,6,2,6,4,5,6,5,3,5,6,5,4,6,2,6,4,6,5}

N*2,4) = 15| {2,2,1,2,2,1,2,2}

N*(3,4) = 57| {3,3,2,2,3,3,1,3,3,2,3,3,1,3,3,2,3,3,1,3,1,3,2}

N*2,5) = 291 {1,2,1,2,2,2,1,2,2,2,1,2,2,2,1,2,1}

N*Q2,6) = 57 {2,2,1,2,1,22,2,1,2,2,2,2,1,2,1,2,1,2,1,2,2,2,2,1,2,2,2,1,
$2,1,2,2}

We also found the partial results N* (4,4) = 160 and N* (2, 7) = 193.
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ELEMENTARY EVALUATION OF {(2n)
BRUCE C. BERNDT, The Institute for Advanced Study and University of Illinois

1. Introduction. Let B; denote the jth Bernoulli number (defined below in
Section 2). Euler’s formula

(= 1" '2m)*By, (
2(2n)!

[eo]
(1.1 2n)= X k™ = n=1)
k=1

is one of the most beautiful results of elementary analysis. Perhaps the three most
common methods of proving (1.1) are by the use of the Fourier series for the
Bernoulli polynomials [4, p. 524], by the use of the calculus of residues in conjunction
with the Laurent expansion of cotx (given below) in terms of Bernoulli numbers
[10, pp. 141-143], and by the method of Euler, described in [1], for example.
T. M. Apostol [1] recently gave a proof of (1.1) that uses knowledge of symmetric
functions and one of Newton’s formulas. The idea for Apostol’s proof can be found
in the Yagloms’ book [14, pp. 131-133], although they only establish (1.1) for
n =1 and n = 2. I. Skau and E. Selmer [11] use a similar method, but they do
not explicitly evaluate {(2n) in terms of Bernoulli numbers.

Apostol’s paper [1] contains a survey of ‘‘elementary’’ methods used to establish
(1.1). An even more recent paper of E. L. Stark [12] contains a lengthy bibliography
of papers on the evaluation of {(2) and {(2n). To the references cited in the two
aforementioned papers, one can add the paper of R. Hovstad [3] and H. Rade-
macher’s book [9, pp. 121-124].

In this paper, two new proofs of (1.1) are given. The proofs use only elementary
calculus. The first proof, especially, is suitable for presentation in an ordinary cal-
culus class.

2. Properties of Bernoulli numbers and polynomials. The Bernoulli polynomials
B,(x), 0 £ n < oo, are defined by

te*!
(2.1) pra]

;= OZO‘. B(x)t"[n! (lt[ < 27).
- n=0
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2(2n)!

[eo]
(1.1 2n)= X k™ = n=1)
k=1
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in the Yagloms’ book [14, pp. 131-133], although they only establish (1.1) for
n =1 and n = 2. I. Skau and E. Selmer [11] use a similar method, but they do
not explicitly evaluate {(2n) in terms of Bernoulli numbers.

Apostol’s paper [1] contains a survey of ‘‘elementary’’ methods used to establish
(1.1). An even more recent paper of E. L. Stark [12] contains a lengthy bibliography
of papers on the evaluation of {(2) and {(2n). To the references cited in the two
aforementioned papers, one can add the paper of R. Hovstad [3] and H. Rade-
macher’s book [9, pp. 121-124].

In this paper, two new proofs of (1.1) are given. The proofs use only elementary
calculus. The first proof, especially, is suitable for presentation in an ordinary cal-
culus class.

2. Properties of Bernoulli numbers and polynomials. The Bernoulli polynomials
B,(x), 0 £ n < oo, are defined by

text
(2.1) P

i OZO‘. B(x)t"[n! (lt[ < 2m).
- n=0
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The Bernoulli numbers B,, 0 < n < oo, are defined by B, = B,(0). Formally dif-
ferentiating both sides of (2.1) with respect to x, we easily deduce that

(22) B:,(X) = an—l(x)°
A more rigorous proof may be easily derived from the formula
Bn(x) = Z (’;C )kan— k;
k=0

which is easily proved by writing the left side of (2.1) as {t/(e* — 1)}¢**, expanding
t/(e* — 1) and €** into power series about ¢ = 0, and then equating coefficients of
like powers of t on each side of (2.1).

Ifn =1,

(2~3) ) BZn+1 = 0.
This is easily shown upon observing that the left side of

Lol S B
~t= 1" n!
e'~1 2 n=2

is an even function of t. Similarly, since the left side of

te'/2

— E B,(1/2)t"/n!

e — =0
is an even function of ¢, we deduce that for n = 0
24 Byu+1(1/2) = 0.
Setting x = 0 and replacing ¢ by — iy in (2.1), we find that for | y| <2n

. — iy
— ly/2+ e"i)’ —

(2.5 (¥/2)cot(y/2)

= —iyl2+ > B,(—iyy/n! = 3 By — D"y*"(2m)!,

n=0 m=0

by (2.3).

3. First proof of Euler’s formula. The germ for the idea behind this proof
came from a problem in A. Ostrowski’s text [7, p. 196]. We first need the following
very weak version of the Riemann-Lebesgue lemma.

LEmMMA 1. Let f(x) be twice continuously differentiable on [0, a],0 < a <m,
and suppose that f(0) = 0. Then

sin (Nx)

lim f( Y gy = 0.

N->ow


http://www.jstor.org/page/info/about/policies/terms.jsp

150 MATHEMATICS MAGAZINE [May-June

Proof. Put g(x) = f(x)/sinx and integrate by parts to obtain

3.0 J; : g(x)sin(Nx)dx = — MC(J)\SI(Nx)

a a
+~1N f g'(x) cos (Nx)dx.
0+ 0+

By L’Hospital’s rule, lim,_,, g(x) =f'(0). Thus, the integrated term on the right
side of (3.1) tends to 0 as N tends to co. Also, by L’Hospital’s rule, lim,.qg'(x)
= f"(0)/2. Thus, the integrand on the right side of (3.1) is bounded on [0,a]. It
follows that the last expression on the right side of (3.1) tends to 0 as N tends to oo,
and the proof is complete.

First proof of (1.1). Let k and n be positive integers. Integrating by parts
twice with the aid of (2.2), we obtain, if n > 1,

r1/2

1,(k) ’O {B,,(x) — By,} cos(2nkx)dx

Hl

2n 1z
= -5x B,, -1 (x)sin(2rkx)dx

_22n—1) 2

_—(2nk)2 By, 5(x)cos (2nkx)dx,

where in the last integration by parts we used (2.3) and (2.4). If we integrate by parts
a total of 2n — 1 times, we find upon the continued use of (2.2), (2.3) and (2.4) that

1\ 1/2
(32) L(k) = (_(2;1,3753’_})1_' f B,()sin (2rkx)dx
1/2}

(- 1"(2n)! {__ B,(x) cos (2nkx)
~ (2mkyt 2rk
_ (= "~ (2n)!

2(2mkyz

by (2.4) and the fact that B; = — 1/2.
Now sum both sides of (3.2) from k = 1 to k = N to get

(=vten)t ¥ L, [ B B N
(3.3) G, 5 k™% = J; {B,.(x) — B,,} kicos(hkx)dx

1/2

=), {Ba(x) — an}{

sin{2N + Dnx} 1
2sin (7x) B f: dx.

(The given expression for the sum of cos(2nkx), 1 < k < N, is easily proved by
induction on N. Alternatively, the result can be obtained by summing the geometric
series ¢2™** 0 < k < N, and then taking the real part.) Now apply Lemma 1 with
f(nx). = {B,,(x) — B,,}/2. Upon letting N tend to co in (3.3) we obtain
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(=" '@2n)! IR
(3.4) ”—2—(2‘75—2‘,7— (2n) = - 2/, {B3u(x) — By, }dx
1 v 1
= - ml—) J; B2n+1(x)dx +ZB2n
= B,./4,

where we have again employed (2.2), (2.3), and (2.4). Equation (3.4) is clearly- equiv-
alent to (1.1), and the proof is finished.
It is worthwhile to note that in the proof above we are, in fact, calculating the

Fourier coefficients of B,,(x).

4. Second proof of Euler's formula. In our next proof we generalize the
method of the Yagloms [14], Holme [2], Skau and Selmer [11], Papadimitriou [8],
and Apostol [1]. However, we need to generalize only the case n = 1.

The simplest, most elementary proof of the next lemma is due to E. H. Neville [5].
We shall give a more detailed recapitulation of his proof.

LeMMA 2. For real, nonintegral x, we have

(4.1 n2csc?(nx) = E (k + x)~2.

k=—o00
Proof. As in [8], it easily follows from DeMoivre’s theorem that for each positive
integer m,
sin(2m + 1)0 = sin®™*10P,,(cot? ),

where P,(y) is a polynomial of degree m with constant term 2m + 1. Put 0 = ¢
— nk/(2m + 1), where k is an integer such that — m < k < m. It follows that

sin?(2m + 1)0 = sin’(2m + )¢ = {sin®"*'@P,, (cot’¢)}>.

But y"P,((1—y)/y)is a polynomial in y of degree m, and so Q(y) =y{y"P,((1 — y)/»)}*
is a polynominal in y of degree 2m + 1. Hence, the equation above states that

the polynomial

R(Y) = () — sin?(2m + 1)0
has zeros at the points y = sin’*¢ = sin®{0 + nk/2m + 1)}, —m < k < m. The
coefficient of y and the constant term of the polynomial R(y) are (2m + 1)* and

— sin?(2m + 1)0, respectively. Hence, if we let 0 = nx/(2m + 1) and form the sum
of the reciprocals of the roots of R(y), we deduce that

- , k+x) 3 , ™k + x)
(4.2 3 csc e kEmcot Srene

k=—-m
= (2m + 1)*csc?(mx).

+(@2m+1)
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Without loss of generality, we shall now assume 0 < lx] < 1/2, since each

side of (4.1) obviously has period 1.
Since siny < y < tany for 0 < y < 7/2, we have

cot’y < y~2 < 1 4+ cot?y,

for0 < |y| < m/2. Let y = (k + x)n/(2m + 1) and sum on k, —m < k < m, (note
that for each such y, 0 < | y| < 7/2) to obtain

moo L, ktor _ Cm+1)?E & -
Y cot T a = k=23m (k + x)

k=-=m

(et

. m
<2m+1+ X cot? =,
2m + 1

k=-m

Multiplying both sides by n*/(2m + 1)?, using (4.2), and letting m tend to co, we
deduce that

0 2

-2 _ lim._, L3 Am2csc? 2

k=§n (k + x) im,, Gm 17 {4m?csc?(nx) + (4m + 1) cot®(nx) + 2m}
= n*csc?(nx).

To prove Euler’s formula (1.1), we shall need the following recursion relation

for Bernoulli numbers [6, p. 66].

LemMMA 3. Forn = 2,

n 2n
4.3) —(2n - 1By, = kz_:o(zk)szan—zk .
Proof. An easy proof can be given by induction, but we shall proceed directly.
A slight rearrangement of (2.1) gives

(4.4) (e — 1) +1/2—t/4 = 1/t — 1/6 + 5 B,,12""/(2n)!
2

n=

Differentiating both sides of (4.4), we obtain

d 1 1t —e' 1
45 R +———}=—t2{——————————}
(43 dt {e‘-—-l 2 4 (ef—1)2 4
_ {_’__ N E}Z — 14126 — S (2n — 1)By(2n)!
ef—1 2 ne2 2
On the other hand, from (2.1)
t tZ 9] R 2
.6 R T B, t**/(2n)!} .
(46) [+ =] = B »|

Comparing coefficients on the right sides of (4.5) and (4.6), we find that for n = 2
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_ (2n = 1)B,, — i By Byu-2k
(2n)! k=0 (2k)!(2n —2k)!’

which is equivalent to (4.3).

Second proof of (1.1). For 0 < |x| < 1, we find from (4.1) and (2.5) that

Y (k+x)"? = n?esc’(nx) — 1/x? = n*{1 + cot }(nx)} — 1/x?

2 1 i 2n 2
= w45l T (- e -

(47) m=0
— o2 1 & _ k( : By jBak-2j. ) 2k 2
mt E. (-1 Z Gk =27 (2nx)* —1/x

2 - By(n — % (— D*2m)24(2k — 1)B,x2*~2/(2k)1,
k=2

where we have employed Lemma 3. On the interval |x| < 1/2, the left side of (4.7)
converges uniformly and thus represents a continuous function there. Hence, we
may let x tend to 0 on both sides of (4.7) and find that 2{(2) = n?/3, which is, of
course, (1.1) with n = 1.
Now differentiate both sides of (4.7) 2n — 2 times with respect to x, where x is
not a nonzero integer and n = 2. We then obtain
x2k—2n

8  (@n-1! =Z_m(k+x>-2"— -3 (= DR Bt
k#+0

Setting x = 0 in (4.8), we deduce that for n = 2
22n — DY(2n) = (= 1" }(27)*"B,,/2n,
which is equivalent to (1.1).

There exist several recursion formulae similar to (4.3) with products of two
Bernoulli numbers on the right side. See Nielsen’s book [6] for many such relations.
From (1.1) a corresponding recursion relation for {(2n) may then be established.
Without recourse to Bernoulli numbers, several authors have found such recursion
relations for {(2n). One can then usually establish (1.1) by an easy induction.

5. Concluding remarks. Finally, another method for evaluating {(2n) can be based
on the infinite product expansion for sin x,

2 \

(5.1 ———=fj( k2n2) (=00 < x < o).
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Neville [5] has given a very simple, elementary proof of (5.1) that depends upon
(4.2). This method of evaluating {(2n) essentially goes back to Euler. The determina-
tion of {(2) and {(4) from (5.1) is a problem in Titchmarsh’s book [13, p. 34]. See
also a paper of Zerr [15]. To find {(2n), raise each side of (5.1) to the nth power,
expand each side into a Maclaurin series, and then equate coefficients of x".

The author is very grateful to Tom M. Apostol for suggestions which substantially improved
the quality of this paper.
Supported in part by National Science Foundation grant GP-36418X1.
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INCONSISTENT AND INCOMPLETE LOGICS
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1. Introduction. In propositional logic every formula is either true or false but not
both. In this paper we describe 3 logics of propositions and investigate some of
their properties. Our first logic, the b-logic, allows inconsistencies in the sense that
a formula may be both true and false. Our second logic, the n-logic, allows incom-
pleteness in the sense that a formula may be neither true nor false. Finally, our
g-logic allows both inconsistencies and incompleteness. Our approach is semantical
throughout this paper.
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INCONSISTENT AND INCOMPLETE LOGICS
JOHN GRANT, University of Florida, Gainesville

1. Introduction. In propositional logic every formula is either true or false but not
both. In this paper we describe 3 logics of propositions and investigate some of
their properties. Our first logic, the b-logic, allows inconsistencies in the sense that
a formula may be both true and false. Our second logic, the n-logic, allows incom-
pleteness in the sense that a formula may be neither true nor false. Finally, our
g-logic allows both inconsistencies and incompleteness. Our approach is semantical
throughout this paper.
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Now we introduce our notations. They differ somewhat from the usual notations
but are more appropriate for our presentation.

P = {py,ps, P3,-+-} is the set of propositional variables.

L = {py, ~P1» P2, ~ Dy, -} is the set of literals.

F is the set of formulas. F is defined as the smallest class such that L < F and
if AeF and BeF then (AA B)eF and (4V B)eF.

We use only the connectives ~ (not), A (and), and \/ (or). We use the letters 4
and B for formulas.

Notice that we apply ~ only to propositional variables. However, consider
the usual definition of formula where negation is allowed to apply to arbitrary
formulas. Any such formula may be transformed to an element of F by applying the
transformations 4 for ~ ~A4, ~A4A\/ ~Bfor ~(4 A B),and ~4 A ~Bfor ~(4V B)
as many times as necessary so that at the end ~ is applied only to propositional
variables. So when we write ~ A for a formula we mean the element of F obtained
from ~A by these transformations. When we assert A we mean that A4 is true, and
when we assert ~A4 we mean that A is false.

To motivate the need for the logics discussed in this paper, we now give an ex-
ample of a situation where propositional logic is not the appropriate logic to use. Let
us suppose that P stands for a set of scientific statements whose truth or falsity is
evaluated by 4 observers. The first observer performs various experiments and cal-
culations on the basis of which he determines for each p; whether it is true or false
(exactly one of these alternatives being allowed), and writes p; if true, ~ p; if false.
We let O; be the set of literals written by the.first observer. The second observer
performs his own experiments and calculations on the basis of which he determines
the truth or falsity of each p, where again exactly one of these alternatives is allowed.
We let O, be the set of literals written by the second observer. We may for example
have the following,

0y = {P1, ~P2 ~P3; P4 D5}

0, = {P1, P2, ~P3,Ps> ’f’Ps,"'}~

The third and fourth observers are not able to conduct their own experiments
and calculations. They are simply given O; and O,. Let us assume that the third
observer accepts all the conclusions of both the first and second observers. Then
in our example

0, = {Pth’ ~ P2y ~ D35 Pas Pss ~ DPs; } .

Note that p, is both true and false for the third observer, while p, is true but not
false for him. Let us now assume that the fourth observer accepts the truth or falsity
of a proposition only if both the first and second observers agree. Thenin our example

04 = {P1, ~P3,Pa>""} -

Note that while pj; is false for the fourth observer, p, is neither true nor false for him.

What logic should these observers use? In this paper we try to answer that ques-
tion. While propositional logic suffices for the first 2 observers, it does not suffice
for the last 2. The first 3 observers may use our b-logic which allows for inconsis-
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tencies, while the first, second, and fourth observers may use our n-logic which allows
for incompleteness. Finally all 4 observers may use our generalized logic, the g-logic.

2. Propositional logic. In this section we review some concepts and results from
propositional logic using our notations. For an exposition using standard notations
see [3] Pages 9-13.

(1) A subset ¥V of Lis called an elementary valuation if for every pair {p;, ~p;}
exactly one member of the pair is a member of V.

We think of the members of V as the true literals of the elementary valuation.
For example O, and O, are elementary valuations, but O; and O, are not.

Every elementary valuation V generates a valuation ¥/, where ¥ < F, as follows:

((i) if Ais a literal then A€ ¥ ifand only if A€ V.
*) (i) fA=BY CthenAdeVifand only if BeV or CeV. }
(iii) If A = B A Cthen AeVifand onlyif Be Vand Ce V.

If AeV then we say that A is true in the valuation ¥ ; if ~A4 eV then we say that
A is false in the valuation V.

(2) A formula A is a tautology if A €V for every valuation V.

(3) A formula 4 is a contradiction if A4 ¢V for any valuation V.

(4) We say that 4 and B are equivalent if for every valuation ¥, 4 eV if and only
if BeV . The set of equivalence classes of formulas form a Boolean algebra as follows:

l4lviBl=1avsl, 4] AlB] =]4nB], [4] =]~4]

The set of contradictions forms one equivalence class, namely the 0 of this Boolean
algebra; and the set of tautologies forms another equivalence class, namely the 1
of this Boolean algebra. (See [2] Pages 43-46.)

(5) If 7, and V7, are 2 different valuations then neither 7, NV, nor ¥/, U ¥, are
valuations.

Proof. If V; NV, = V for some valuation ¥ then for some i neither p;e V nor
~p;eV. Thus V is not an elementary valuation. Similarly, if ¥, UV, = W then
for some i both p,e Wand ~ p;e W so that Wis not an elementary valuation.

(6) If W =2 V and V is a valuation then W is a valuation if and only if W = V.

Proof. Assume that W 2 ¥ and W is a valuation. Then W is generated by some
elementary valuation W such that W 2 V. This implies that W = V, so that W = V.
The converse is immediate.

3. Inconsistent logic (b-logic). In this section we describe a logic which allows for
inconsistencies.

(1) A subset V of L is called an elementary b-valuation if for every pair {p,, ~ p;}
at least one member of the pair is a member of V.

It follows that the following 3 conditions are equivalent:
(i) Vis an elementary b-valuation.
(i) There is an elementary valuation W such that W< V < L.
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(iii) There is a set {W;} of elementary valuations such that V = U W,.
We think of the members of V as the true literals of the elementary b-valuation.
Then 04, O,, and O, are elementary b-valuations, but O, is not. Every elementary
b-valuation V generates a b-valuation ¥ according to (*) in Section 2.

(2) A formula A4 is a b-tautology if A€V for every b-valuation V.

The set of b-tautologies coincides with the set of tautologies.

Proof. By (1) every b-tautology is a tautology. Now suppose that 4 is a tautology
and let ¥ be any b-valuation. ¥ is generated by some elementary b-valuation V.
By (1)(ii) there is an elementary valuation U such that U < V. Then Ae U and
U< V,so AeV. Thus A is a b-tautology.

(3) A formula A4 is a b-contradiction if 4 ¢V for any b-valuation V.

There are no b-contradictions.

Proof. F is a b-valuation and for every formula 4, AeF. ‘

(4) We say that 4 and B are b-equivalent if for every b-valuation V7, AeV if
and only if BeV.

If A and B are b-equivalent then they are equivalent but not vice versa. For
example, the formulas p, A ~p; and p, A ~ p, are equivalent but not b-equivalent.

The set of b-equivalence classes of formulas form a distributive lattice with a 1
but no 0 and an operation ' such that

lalv 4l =1 dafv 8D =
= 4] v 1B, and [4]" = [4].

The proof is similar to the proof of the proposition that the set of equivalence classes
of formulas form a Boolean algebra.

(5) If V7, and V, are b-valuations then ¥, UV, is a b-valuation in case
V,UV, = (V;UV,). However the equation V; UF¥, = (V; UV,) does not hold in
general. For example, if p;eV;, ~p,¢V,, p¢V,, and ~p,eV, then
pi A ~pe(VyUV,) but py A ~p, ¢V, UV,. Similarly, the equation V¥, NV,
= (VN V,) does not hold in general. First of all ¥; NV, need not be an elementary
b-valuation. But even if ¥, NV, is an [elementary b-valuation the equation need
not hold. For example, if p,eV,, ~p eV, p,eVy, ~p, ¢V, and p,¢V,,
~p1€Vy, P2€Va, ~py€V, then piV ~p, eV NV, but piV ~p, ¢ (Vi NV,).

(6) The set of b-valuations is a semilattice with a 1 under inclusion. (See [1]
Page 19 for the definition of semilattice.)

Proof. F is the 1 of this semilattice since ¥’ < F for all b-valuations /. It suffices
to prove that given b-valuations U and 7, the least upper bound (lub) of {U,V'}
always exists. We claim that lub({T,7}) is (UU V). For certainly U = (UU V)
and ¥ = (U U V). Suppose now that U = Wand ¥ < W. Then U < Wand V< W,
so UUV < W. Therefore (UUV) < W.

4. Incomplete logic (n-logic). In this section we describe a logic which allows for
incompleteness.
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(1) A subset ¥ of Lis called an elementary n-valuation if for every pair {p;, ~p;}
at most one member of the pair is a member of V.

It follows that the following 3 conditions are equivalent:

(i) Vis an elementary n-valuation.

(ii) There is an elementary valuation W such that V< W.

(iii) There is a set {W;} of elementary valuations such that V = N W,.

We think of the members of V as the true literals of the elementary n-valuation.
Then O,, 0,, and O, are elementary n-valuations, but O; is not. Every elementary
n-valuation V generates an n-valuation ¥ according to (*) in Section 2.

(2) A formula A is an n-tautology if A€V for every n-valuation 7.

There are no n-tautologies.

Proof. ¢ is an n-valuation and there is no formula 4 such that Ae¢.
(3) A formula A is an n-contradiction if 4 ¢V for any n-valuation V.
The set of n-contradictions coincides with the set of contradictions.

Proof. By (1) every n-contradiction is a contradiction. Now suppose that A
is a contradiction and let 7 be any n-valuation. ¥ is generated by some elementary
n-valuation V. By (1)(ii) there is an elementary valuation U such that V< U.
Then A¢ U, and 7 < U, so A¢V. Thus 4 is an n-contradiction.

(4) We say that A and B are n-equivalent if for every n-valuation V', AeV if
and only if BeV.

If A and B are n-equivalent then they are equivalent but not vice versa. For
example, the formulas p; \V ~p; and p, V ~p, are equivalent but not n-equivalent.

The set of n-equivalence classes of formulas form a distributive lattice with a 0
but no 1 and an operation ' such that

|

(ajnlBh =4

The proof is similar to the proof of the proposition that the set of equivalence classes
of formulas form a Boolean algebra.

(5) If 7; and 7, are n-valuations then V’; NV, is an n-valuation in case v.nw,

= (V; NV,). However the equation 7,7V, = (V;NV,) does not hold in general.

For example, if p;eV; and ~p eV, then p;V ~p; ev,NV, but p;V ~p,

¢ (V.0 V). Similarly, the equation 7, U 7, = (V; UV,) does not hold in general.

First of all ¥; U ¥, need not be an elementary n-valuation. But even if V1 U ¥, is an

elementary n-valuation, the equation need not hold. For example, if p;eV;,

P2 ¢V, 1 ¢V, and py €V, then py A pye (VY (VU V) but py Ap, ¢V, U7,
(6) The set of n-valuations is a semilattice with a 0 under inclusion.

‘s and 4] =[a].

Proof. ¢ is the 0 of this semilattice since ¢ = ¥ for all n-valuations 7. It suffices
to prove that given n-valuations U and 7, the greatest lower bound (glb) of {O,7}
always exists (see [1] Pages 10 and 19). We claim that glb({T,7}) is (UNV). For
certainly (UNV) < U and (UNV) < 7. Suppose now that W = U and W< V.
Then W< U and W< V, so W< UNV. Therefore W < anv).
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5. Generalized logic (g-logic). In this final section we describe a logic which
combines features of the b-logic and the n-logic. We state only the results and give
no proofs since the proofs are similar to the ones given in previous sections.

(1) Every subset of L is called an elementary g-valuation. Thus O,, 0,, O,
and O, are all elementary g-valuations. Every elementary g-valuation V generates
a g-valuation ¥V according to (*) in Section 2.

(2) A formula A is a g-tautology if A€V for every g-valuation V.

There are no g-tautologies.

(3) A formula 4 is a g-contradiction if 4 ¢¥ for any g-valuation V.

There are no g-contradictions.

(4) We say that A and B are g-equivalent if for every g-valuation V', AeV if
and only if BeV.

If A and B are g-equivalent then they are both b-equivalent and n-equivalent
but not vice versa. For example, the formulas (p; V ~ p)A (p,V ~p,) and
(p1 V p2) A(~p; V ~ p,) are both b-equivalent and n-equivalent but not g-equiv-
alent.

The set of g-equivalence classes of formulas form a distributive lattice with no
0, no 1, and an operation ' such that (| 4| v |B|) = | 4| A | B]’,

(4l AlBl =4l v 8], and |4 =]4].

(5) If ¥/, and ¥, are g-valuations then ¥/, UV, is a g-valuation in case V, UV,

= (V; UV,) and ¥, NV, is a g-valuation in case ¥; N7, = (V; N V,). The equations

ViUV, =(V,UV,) and VNV, = (V;NV,) do not hold in general.
(6) The set of g-valuations is a Boolean algebra under inclusion.

Note. The notions presented in this paper for propositional logic have been
extended by the author to first-order logic in a paper under preparation.
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JACOBI'S SOLUTION OF LINEAR DIOPHANTINE EQUATIONS
M. S. WATERMAN, Idaho State University, Pocatello

1. Introduction. C. G. J. Jacobi’s 1869 paper Uber die Auflosung der Gleich-
ung, oy Xy + tyX, + o + o,X, = fu [1] is a careful treatment of linear Diophantine
equations. Although Jacobi’s first solution is exactly that used by modern authors
such as Niven and Zuckerman [2, p. 94-98], he introduces the beautiful concept
of equivalent systems of variables and uses this concept to establish the validity
of his solution.
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The set of g-equivalence classes of formulas form a distributive lattice with no
0, no 1, and an operation ' such that (| 4| v |B|) = | 4| A | B]’,

(4l AlBl =4l v 8], and |4 =]4].

(5) If ¥/, and ¥, are g-valuations then ¥/, UV, is a g-valuation in case V, UV,

= (V; UV,) and ¥, NV, is a g-valuation in case ¥; N7, = (V; N V,). The equations

ViUV, =(V,UV,) and VNV, = (V;NV,) do not hold in general.
(6) The set of g-valuations is a Boolean algebra under inclusion.

Note. The notions presented in this paper for propositional logic have been
extended by the author to first-order logic in a paper under preparation.
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JACOBI'S SOLUTION OF LINEAR DIOPHANTINE EQUATIONS
M. S. WATERMAN, Idaho State University, Pocatello

1. Introduction. C. G. J. Jacobi’s 1869 paper Uber die Auflosung der Gleich-
ung, oy Xy + tyX, + o + o,X, = fu [1] is a careful treatment of linear Diophantine
equations. Although Jacobi’s first solution is exactly that used by modern authors
such as Niven and Zuckerman [2, p. 94-98], he introduces the beautiful concept
of equivalent systems of variables and uses this concept to establish the validity
of his solution.
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